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Abstract

A symmetry extension of Maxwell’s rule for rigidity of frames shows that
every fully triangulated torus has at least six states of self stress with a well
defined set of symmetries related to rotational and translational representa-
tions in the point group. In contrast, in trivalent polyhedral toroidal frames,
i.e. the duals of the deltahedra, the rigid body motions plus the mechanisms
are at least equal in number to the bars, and their symmetry representation
contains that of a set of vector slides along the bars.

1 Introduction

Maxwell’s rule expresses a condition for the determinacy of a pin-jointed
frame (Maxwell, 1864). If an unsupported, three-dimensional frame com-
posed of rigid bars connected via frictionless joints is statically and kinemat-
ically determinate, the number of bars b must be at least 3j − 6, where j is
the number of joints. In general, the frame will support s states of self-stress
(bar tensions in the absence of load) and m mechanisms (joint displacements
without bar extension), where

s−m = b− 3j + 6 (1)
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(Calladine, 1978). Recently, this algebraic formula has been shown (Fowler
and Guest, 2000) to be the scalar aspect of a symmetry version of Maxwell’s
rule,

Γ(s)− Γ(m) = Γ(b)− Γ(j)⊗ ΓT + ΓT + ΓR (2)

where Γ(q) is the reducible representation of the set {q} of bars, joints, mech-
anisms etc. and ΓT , ΓR are the translational and rotational representations,
all within the point group of the frame. All quantities in (2) can be computed
by standard manipulations of the character table of the group (Atkins, Child
and Phillips, 1970). Equation (2) is, in effect, a set of Maxwell conditions,
each concerning an aspect of the symmetry defined by one of the irreducible
representations of the point group, thus giving additional insight into the
allowed stresses and motions of the frame.

Maxwell (1870) pointed out a number of consequences of (1) for certain
classes of frameworks. In particular he showed that the number of states of
self-stress must equal the number of mechanisms for a spherical deltahedron,
and that a toroidal deltahedron must have at least six states of self-stress. In
this paper, we extend these results by pointing out the consequences of (2)
for the triangulated toroids, and their duals. It is proved that six states of self
stress, of defined symmetry, are present in every fully triangulated toroidal
frame. For their duals, the trivalent polyhedral frames of toroidal topology,
mechanisms are characterised by number and symmetry using similar group-
theoretical reasoning.

2 Spherical polyhedral frames

The key to the results in this paper is the symmetry counterpart of Euler’s
theorem for polyhedra. Although the symmetry extension of Maxwell’s rule
given in (2) is valid for all frames, extra information can be gleaned when
the frame has a specific embedding; this Section will consider the example
when all vertices lie on a surface deformable to that of a sphere (i.e. implying
spherical topology but not a specific geometry). Section 3 will then examine
the case of toroidal frames.

The scalar Euler theorem for a spherical polyhedron connects the numbers
of vertices, faces and edges by

v + f = e + 2. (3)

The combination v − e + f is known as the Euler characteristic. For an
orientable surface, v − e + f = 2− 2g, where g is the genus (Stillwell, 1993).
In the case of the sphere, g = 0 and v − e + f = 2.
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The symmetry extension of the Euler equation for g = 0 (Ceulemans and
Fowler, 1991) connects reducible representations associated with the three
types of structural component

Γ(v) + Γ(f)⊗ Γε = Γ‖(e) + Γ0 + Γε (4)

where Γ(v) and Γ(f) are permutation representations of the sets of vertices
and face centres and Γ‖(e) is the reducible representation of a set of vectors
running along the edges. The one-dimensional representations Γ0 and Γε are
respectively the totally symmetric and the pseudoscalar representations in
the point group of the frame; Γ0 has character +1 under all operations of the
point group, whereas Γε has character +1 under all proper and −1 under all
improper operations.

Fully triangulated spherical polyhedra (i.e. spherical deltahedra) have
e = 3v − 6, and the symmetry equivalent of this second counting relation
is (Ceulemans and Fowler, 1991)

Γ(e) = Γ(v)⊗ ΓT − ΓT − ΓR (5)

which, when applied to a polyhedral frame of bars (b ≡ e) and joints (j ≡
v), shows that the states of self-stress and the mechanisms of a spherical
deltahedral frame are equisymmetric, i.e.

Γ(s) = Γ(m). (6)

The well known generic rigidity of the deltahedron (Graver, Servatius and
Servatius, 1993) implies that s and m must be equal in number; (6) further
implies a detailed match, symmetry by symmetry.

A dual relation for trivalent polyhedral frames, i.e. those in which every
joint connects three bars, is (Ceulemans and Fowler, 1991)

Γ(v)⊗ ΓT = Γ(e) + Γ‖(e) (7)

which implies that, in a spherical, trivalent, polyhedral frame, the represen-
tations of the states of self-stress and the mechanisms differ by

Γ(s)− Γ(m) = ΓT + ΓR − Γ‖(e) (8)

Equation (8) shows that such a frame will in general have at least 3j/2−6
mechanisms spanning the symmetries of inextensional ‘slides’ along the bars
minus those of the six rigid-body motions. This division of internal coordi-
nates into slides and stretches has been proposed as the basis for a treatment
of molecular vibrations (Ceulemans et al., 2001). In the analogy between
frames and molecules, bar extensions correspond to stretches, mechanisms
to angle bends, twists and torsions, and states of self-stress to redundancies
in the internal-coordinate force field.
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3 Toroidal polyhedral frames

In its most symmetrical form, the toroidal surface has point group D∞h, de-
noting the presence of a principal axis of infinite order, an infinite number
of reflection planes containing that axis, a reflection plane normal to it and
containing an infinite number of binary axes, and the inversion and identity
elements. Other automorphisms of the torus, for example the ‘anapole’ ro-
tation that exchanges inner and outer equatorial circles, do not correspond
to point-group operations. A toroidal frame, therefore, belongs to a finite
subgroup of D∞h i.e. one of Dnh, Dnd, Dn, Cnv, Cnh, Cn, or the trivial groups
Cs, Ci, C1.

On the torus, the scalar Euler theorem is

v + f = e (9)

where the Euler characteristic v−e+f is now zero, as the genus of the torus
is 1. The symmetry extension of (9) is more complicated than before in that
the Euler characteristic of zero is now replaced by a self-cancelling grouping
of four one-dimensional representations:

Γ(v) + Γ(f)⊗ Γε + Γz + Γz ⊗ Γε = Γ‖(e) + Γ0 + Γε (10)

(Ceulemans and Fowler, 1995). In (10), Γz is the representation of a transla-
tion along the central axis of the torus. In the point group of the underlying
toroidal surface, D∞h, the four terms Γ0, Γz, Γz⊗Γε, Γε constitute the full list
of one-dimensional representations Σ+

g , Σ+
u , Σ−

g , Σ−
u (Atkins et al. (1970)).

The equivalent of (5) for a toroidal deltahedron is (Ceulemans and Fowler,
1995)

Γ(e) = Γ(v)⊗ ΓT − ΓT − ΓR + ΓT ⊗ Γz + ΓR ⊗ Γz (11)

which reduces to the scalar counting rule e = 3v applicable to triangulated
surfaces with an Euler characteristic of zero. Comparison with Maxwell’s
rule, (2), yields the result that for a fully triangulated toroidal frame, the
representations of states of self-stress and mechanisms differ by

Γ(s)− Γ(m) = (ΓT + ΓR)⊗ Γz (12)

In the parent D∞h group, the RHS of (12) evaluates to Σ+
g +Σ−

g +Πg+Πu,
which is the direct sum of Γ0, Γε and the symmetries of the translations along
the two axes orthogonal to the main axis of the torus, Γ(Tx, Ty), and rotations
about these axes, Γ(Rx, Ry).

In a general subgroup of D∞h, Γ(s) − Γ(m) for a toroidal deltahedron
has characters χ(E) = 6, χ(C(φ)) = 2(1 + 2 cos φ) for rotation φ around the
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principal axis, χ(C ′
2) = 2 for rotation about a primary axis, and χ(R) = 0

for improper operations R. In the subgroups with a principal axis of order
3 or higher, each pair of states descended from a Π representation in D∞h

remains degenerate. In the pure rotational sub groups Cn and Dn there is
no distinction in symmetry between Γ0 and Γε, and Γ(s)−Γ(m) = 2ΓT ⊗Γz.

Thus, a toroidal deltahedron has been proved to have at least six states
of self-stress of these fixed symmetries, as was promised in the Introduction.
The distribution of stresses in the six states of self-stress are shown in Fig-
ure 1. The operation of taking the dual, which interchanges vertices with
face centres and rotates all edges by π/2 in the embedding surface, is also
defined for the torus. An example of a trivalent frame on a torus would be
a fully hexagonal covering of the surface. It turns out that equation (7) also
applies unchanged to the vertices and edges of the trivalent polyhedron that
results from dualisation of the toroidal deltahedron. Hence, in a toroidal,
trivalent, polyhedral frame, the representations of the state of self-stress and
the mechanisms differ by

Γ(s)− Γ(m) = ΓT + ΓR − Γ‖(e) (13)

Again, an analysis of the 3j/2− 6 mechanisms in terms of ‘slides’ along the
bars is possible.

4 Example

As a particular example of the results regarding toroidal frames, consider the
frame illustrated in Figure 2. In the D3h group appropriate to this frame,
Γ0 ≡ A′

1, Γ(Tx, Ty) ≡ E ′, Γε ≡ A′′
1, Γ(Rx, Ry) ≡ E ′′ (Atkins et al. (1970)),

and hence Γ(s) − Γ(m) = A′
1 + E ′ + A′′

1 + E ′′. This is shown below for the
particular framework in Figure 2 using the explicit calculation of the LHS
of (12) using the general Maxwell relation (2) (see (Fowler and Guest, 2000)
for similar schemes).

D3h E 2C3 3C ′
2 σh 2S3 3σv

−Γ(j) −12 0 −2 −6 0 −4
⊗ΓT +3 0 −1 +1 −2 +1

−Γ(j)⊗ ΓT −36 0 +2 −6 0 −4
+ΓT + ΓR +6 0 −2 0 0 0

−Γ(j)⊗ ΓT + ΓT + ΓR −30 0 0 −6 0 −4
+Γ(b) +36 0 +2 +6 0 +4

= Γ(s)− Γ(m) +6 0 +2 0 0 0
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This reduces, as expected, to

A′
1 + E ′ + A′′

1 + E ′′ ≡ (ΓT + ΓR)⊗ Γz

≡ Γz ⊗ Γz + Γ(Tx, Ty)⊗ Γz + Γ(Rz)⊗ Γz + Γ(Rx, Ry)⊗ Γz

≡ Γ0 + Γ(Rx, Ry) + Γε + Γ(Tx, Ty)

Detailed prediction of the expected states of self stress can be carried out
by using the decomposition of the structure into orbits. An orbit is a set
of symmetry-equivalent points that interconvert under the operations of the
group. Each finite group G has only a limited set of possible orbits, and each
orbit is characterised by a site group H, which is the subgroup of operations
generated by the symmetry elements that pass though one member of the
orbit. It is easily seen that the total size of the orbit is the ratio of the orders
of the two groups: |G|/|H|.

In the D3h group, the possible orbits of points are (Fowler and Quinn,
1986): O1 (a single point at the group centre, H = D3h); O2 (two points on
the C3 axis, H = C3v); O3 (three points in the σh plane, H = C2v); O6h (six
points on the σh plane, H = Cs); O6v (six points forming a trigonal prism,
H = Cs); O12 (twelve points forming a D3h hexagonal prism, H = C1).

The 36 bars of the present structure fall into 5 orbits. There are two O3

orbits of bars (in Figure 2(b), bars {7-8, 8-9, 9-7} and bars {4-5 5-6 6-4}),
each making a contribution to Γ(b) according to

Γ(b, O3) = A′
1 + E ′, (14)

There is one O6v orbit (bars {1-2, 2-3, 3-1, 10-11, 11-12, 12-10}) making a
contribution to Γ(b) according to

Γ(b, O6v) = A′
1 + E ′ + A′′

2 + E ′′, (15)

There are two O12 orbits (bars {1-7, 2-7, 2-8, 3-8, 3-9, 1-9, 7-10, 7-11, 8-11,
8-12, 9-12, 9-10 } and bars {1-4, 2-4, 2-5, 3-5, 3-6, 1-6, 4-10, 4-11, 5-11, 5-12,
6-12, 6-10 }) each making a contribution to Γ(b) according to

Γ(b, O12) = A′
1 + A′

2 + 2E ′ + A′′
1 + A′′

2 + 2E ′′, (16)

Taking the scalar product of Γ(b)(= 2Γ(b, O3) + Γ(b, O6v) + 2Γ(b, O12)) with
Γ(s) − Γ(m) shows that the 6 necessary states of self-stress are defined by
a total of 19 parameters (5 for A′

1, 7 for E ′, 2 for A′′
1, 5 for E ′′). The

symmetry-adapted linear combinations of these parameters describing the
bar forces for each orbit are easily found by inspection, and are shown in
Figure 3. The general patterns of signs for the uniform torus from Figure 1
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are thus converted into specific patterns of signs and magnitudes shown in
Figure 3 by taking into account the orbit structure of the frame.

The final step, determination of the actual values of the 19 parameters for
the 6 states of self-stress, depends on the particular geometry of the frame-
work. This analysis could be carried out using full symmetry-adapted bases,
as described by Kangwai and Guest (2000), or with the methods based on
orbits described by Bossavit (1993), but was in fact performed by finding
the states of self-stress in a cartesian coordinate system (Pellegrino, 1993),
and then projecting these onto the symmetry-adapted set. This calculation
confirms that, for this geometry, the states of self-stress given by the symme-
try calculation are the only states of self-stress. The patterns of tension and
compression in the bars follow Figure 3, with the parameter values reported
in Table 2.

In keeping with the necessary-but-not-sufficient nature of Maxwell’s rule,
extra states of self-stress may be induced in particular other geometries of a
similar framework, as when a vertex is flattened into coplanarity with all of its
neighbours, but these are then compensated by equisymmetric mechanisms
and make no change to the balance Γ(s)− Γ(m).

5 Conclusion

The symmetry extension of Maxwell’s rule can give specific information on
states of self-stress and mechanisms for frames with non-trivial topologies.
The case of toroidal frames has been explored here.

It is worth noting that the results generalise to frames embedded in sur-
faces of any genus. Thus, any orientable surface topologically equivalent to a
sphere with g handles will have at least 6g states of self-stress when the frame
is fully triangulated. Their symmetries will again be invariant functions of g.
In a double torus or pretzel-like frame, for example, the 12 enforced states of
self stress span (ΓT + ΓR) ⊗ (ΓT − Γz) (Ceulemans and Fowler, 1995). The
dual trivalent polyhedral frame always obeys equation (13), irrespective of
genus.

A general formulation for any g is available (Ceulemans, Szopa and Fowler,
1996). Its application is limited only by the ingenuity of engineers in design-
ing frames of sufficiently complex topology.
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Figures

(a)

(b)

(c)

(d)

(e)

(f)

Figure 1. The six necessary states of self-stress of the toroidal deltahedron.
The standard rectangular representation is used (Stillwell, 1993), where the
top and bottom edges are to be identified, as are left and right edges. The top
and bottom edges correspond to the inner equator of the torus. The simplest
function on the torus showing the planes forced by symmetry are shown;
in each case shaded regions are of opposite sign to unshaded: (a) Γ0; (b),
(c) Γ(Tx, Ty); (d) Γε, counter-rotations about the principal axis in opposed
senses above and below the equatorial nodal plane; (e),(f) Γ(Rx, Ry).
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Figure 2. Example toroidal frame with maximal D3h symmetry, having 12
joints and 36 bars: (a) The bars and joints; (b) The rectangular representa-
tion. A numbering scheme is shown for the joints: the cartesian coordinates
of the joints are given in Table 1. The triangles 1-2-3 7-8-9 10-11-12 are not
faces of the toroidal polyhedron, but they are boundary circuits of the central
tunnel of the torus
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Figure 3. The independent states of self-stress for the example frame. (a)–
(f) correspond to the general patterns of Figure 1, and show the symmetry-
allowed patterns of signs and magnitudes defined on the five orbits of bars
present in this frame. Lower-case letters are used for the parameters of states
that are even under reflection in the horizontal mirror plane (A′

1 and E ′), and
upper-case is used for the odd A′′

1 and E ′′ states. Note that both components
of a degenerate state are specified by a single set of parameters, since degener-
ate components mix under the operations of the group. Calculated values of
the 19 parameters for the particular geometry of Table 1 are listed in Table 2.
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Tables

joint x y z
1 -0.500 0.289 0.707
2 0.500 0.289 0.707
3 0 -0.577 0.707
4 0 1.386 0
5 1.200 -0.693 0
6 -1.200 -0.693 0
7 0 0.346 0
8 0.300 -0.173 0
9 -0.300 -0.173 0
10 -0.500 0.289 -0.707
11 0.500 0.289 -0.707
12 0 -0.577 -0.707

Table 1. The coordinates of the joints of the toroidal deltahedron shown in
Figure 2.

Symmetry Parameter Value Symmetry Parameter Value
a 0.031
b 0.200

Γ0 = A′
1 c -0.597 Γε = A′′

1

d -0.409 D -0.928
e 0.659 E -0.373
f -0.091
g 0.347 G -0.408
h 0.432

Γ(Tx, Ty) = E ′ i -0.547 Γ(Rx, Ry) = E ′′ I 0.241
j -0.237 J -0.417
k 0.468 K -0.388
l -0.334 L 0.672

Table 2. Parameters for the 6 states of self stress in the toroidal deltahedron
with the joint coordinates given in Table 1. The parameters are defined in
Figure 3. Within each state of self-stress, all parameters can be multiplied
by the same arbitrary constant.
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