S3 : Stadium Roof Design - Cantilever Roof Design experiment

The aim of this exercise is for each student to create a design for a cantilever roof. They will then investigate ways in which the overhanging roof can be supported using the principle of moments. P25-30 shows a worked example of the following analysis. 

	Preparation
	
	P29-30


The exercise requires

· Strong, thick (e.g. 500gsm) card should be cut into A5 pieces (148mm x 210mm). 

The mass of card will be needed in the following calculation. It is usually specified as 500gsm, which is 500grams per square metre, or 0.05g/ cm2. If sensitive enough scales are available the students could weigh a 1cm x 1cm square to verify this number. 

Cardboard could also be used. 

· A selection of coins ranging from 1p - £2 coins

· String

· Scissors

· Bluetac 

	Cut out and calculate y
	W15-17
	P31


Dimensions
The “mast” should be 2cm thick and the balancing foot requires 3cm to ensure adequate stability while balancing. The cantilever roof itself will be 12cm and at the very most 4cm thick, this is to ensure that the spectators in the sloped stands retain a good sight line. 

1. Transfer the measurements to the A5 card, shown below.
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2. Cut out the grey areas as marked on the diagram, and cut and fold the balancing foot, which may required bluetac to increase it’s stability. 
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3. Calculate the depth of the counter weight required to balance the cantilever roof

a. Draw the forces acting on the following 2D representation of the cantilever roof, including any relevant dimensions

The forces on the structure will be the weight of the roof and the counterweight. These forces will act at their centre of gravities. As they are both simple rectangular shapes the roof and counterweight forces will act at 6cm and 3.5cm from the mast respectively. 
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b. How must these forces be related if the roof is to balance?

The weight of the cantilever roof will create a moment about the mast, at a distance of 6cm.  If the width of the counter weight is fixed at 7cm, the value of y must be sufficient that the weight of the counterweight must balances the moment from the roof in order for the roof to balance. 

Students should fill in the table of W15, and should obtain values similar to those shown in Table 6. 

Weight = mass per cm2 x gravity x Area

Moment = Force x Perpendicular distance from pivot

Weight of Cantilever Roof = 0.05 x 9.8 x 4 x 12 = 23.52N

Weight of Counter Weight = 0.05 x 9.8 x 7 x y = 3.43y N

Clockwise Cantilever Roof Moment = 23.52 x (12/2 +1) = 164.6Ncm

Anti-Clockwise Counter Weight Moment = 3.43 x (7/2 + 1) = 15.4y Ncm

	
	Area
	Weight
	Lever Arm
	Moment
	Clock/Anti

	Roof
	4 x 12 

= 48 cm2
	0.08 x 9.8 x 48 = 37.6 N
	12/2 + 1

= 7cm
	37.6 x 7

=263.2 Ncm
	Clock

	Counterweight
	7 x y

= 7y cm2
	0.08 x 9.8 x 7y = 5.49y N
	7/2 + 1

= 4.5cm
	5.49y x 4.5

= 24.7y Ncm
	Anti


Table 6

Equating the clockwise moment from the roof with the anti-clockwise moment from the counter weight gives;

24.7y = 263.2

y = 263.224.7 = 10.7cm ≈ 11cm

4. Mark out y on the card and cut away the excess card. The roof should now balance

	Design roof and balance
	W18
	P32


5. Cut out your own design for the cantilever roof that fits in the 4cm x 12cm rectangle. 

As the current design for the cantilever roof is not very aesthetically pleasing the students can cut out their own design for a cantilever roof from the 4cm x 12cm rectangle. 

With this new design it is essential to know how much material has been used as this will have a direct impact on the cost of the structure. 

6. Reduce the depth of the counter balance, ensuring that it remains a rectangle, until the structure balances again.

Measure this new depth, D, as it will be needed in the following calculation. 

	Calculate area of new roof
	W18
	P33-35


7. Using the same principles as before how can we calculate the area of the new roof?

a. Tracing the shape of your roof onto a piece of card that was cut out earlier, can you find its centre of gravity?

In order to perform a moment balance to calculate the area of the new roof structure we need to know where it’s centre of gravity is. 

One method for achieve this is;

Trace the shape of the new roof onto the piece of card that was cut away at the start. Punch a hole near an end of it and hand the shape with a drawing pin to a notice board. Ensure that the shape is hanging freely and, with a ruler, draw a vertical line on the roof from the drawing pin downwards. Punch a second hole in a different part of the roof and repeat to find a point where the two lines cross. This is the centre of gravity of the shape. 

Any other method to find the centre of gravity may be used. 
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Now measure the distance from the mast to the centre of gravity, a, which will be the lever arm for the weight of the cantilever roof in the following calculation. 

b. Sketch the structure below showing the new forces and dimensions acting on it.
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This sketch needs to show the position of the centre of gravity of roof, and the new dimensions and position of gravity of the counterweight. 

c. We already know that this balances, so how can we calculate the area of the roof?

We can now solve the same moment balance equation as before but this time in order to find the unknown area, A, of the roof structure

Weight of Counter Weight = 0.05 x 9.8 x W x D = 0.49WD N

Weight of Cantilever Roof = 0.05 x 9.8 x A = 0.49A N

Anti-Clockwise Counter Weight Moment = 0.49WD x (W/2 + 1)

Clockwise Cantilever Roof Moment = 0.49A x (a + 1)

Equating these to Moments gives an expression for A as follows

A = WD (W/2 + 1) / (d +1)

d. Can think of any other ways to estimate this area?

One method is to use a piece of graph or square paper, tracing the shape and counting the squares. 

The percentage error between different methods could be calculated from

Percentage error = Measured value – Actual value x 100



        Actual Value

This will give an idea as to how accurate the methods are. 

	More Concentrated Counter-weight
	W19
	P36-37


8. How would using coins improve the aesthetic quality of the roof?

At the moment we have cantilever roof with a massive counter weight, which is not very aesthetically pleasing. To reduce the size of the counter weight, coins can be stuck next to the mast as shown in P36.

a. If the coins are stuck, using cello tape in the centre of a 3cm x 3cm square in the top right hand corner of the counter weight, what will it’s lever arm be?

A £2 coin has the largest diameter of 28.4mm, so the counter weight should be reduced to a 30mm square in the top right hand corner, as shown below. When the coins are added they should be stuck on with cello tape in the middle of this square to ensure that the lever arm of the combined weight is 2.5cm. 
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b. What total mass, M, of coins is required to get the structure to balance at this lever arm?

 (NB do not forget to include the moment created by the small square of card) 

The required mass, M, of the coins can now be calculated from another moment balance. 

Weight of Cantilever Roof = 0.05 x 9.8 x A = 0.49A N

Weight of remaining Counter weight = 0.05 x 9.8 x 3 x 3 = 4.41N

Weight of Coins = 9.8 x M = 9.8M N

Clockwise Cantilever Roof Moment = 0.49A x (d + 1)

Anti-Clockwise Remaining Counter Weight Moment = 4.41 x 2.5 = 11.025 Ncm

Anti-Clockwise Coin Moment = 9.8M x 2.5 = 24.5M Ncm

Again, setting the Clockwise moments equal to the anti-clockwise to ensure the roof balances gives;

 0.49A x (d + 1) = 11.025 + 24.5M

Re-arranging gives

M = (0.49A x (d + 1) – 11.025) / 24.5

c. Use the following information on the mass of standard coins to find a combination of coins that gets as close to M as possible

Find the combination of these coins that gives a mass closest to the value of M. 

	Coin
	Mass (grams)

	£2
	12

	£1
	9.5

	50p
	8.0

	20p
	5.0

	10p
	6.5

	5p
	3.25

	2p
	7.12

	1p
	3.56


d. Stick the coins inside the square to regain balance

If the cantilever doesn’t quite balance with the coins available, students should think about how can it be improved?

By moving the coins closer or further away from the mast, will decrease or increase the lever arm of the coins. This will change the moment and so a balance point should be able to be found. 

	Tying the roof down
	W20
	P38-39


9. Are there any other ways to improve the visual appearance of the roof even further?

The coins have improved the visual appearance of the roof structure but it is currently functioning like a crane, see P38.

The best solution would be to hide the counter weight. 

If the counter weight needs only to maintain the same lever arm distance, it can move vertically up and down and not affect the balance of the roof. So if the counter weight is tied down to the earth it will be put out of sight so that is doesn’t compromise the aesthetic appeal of the cantilever. 

To demonstrate this, remove the coins and punch a hole in the centre of the 30mm square. Thread a piece of string through this hole and hang the same weight in coins on the end of the string to re-establish equilibrium. 

Most cantilever roofs for stadiums are secured in this way. 
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