S2 : Stadium Rood Design - Emirates Structural Analysis

The two primary girders span 204metres and support the entire weight of the roof. However the structural engineering behind its size and geometry are based on very simple calculations of force, moment balance and stability. 

	Cut-Out Model
	W5-6
	P16


Assembling this model will enable the students to understand the path that the load takes from the roof covering to the primary girder. 

A single student could complete the model in around an hour, however it is suggested that they work in pairs or larger groups, to develop team work, organisation and communication, reducing the time of the activity to about 30 minutes. The model can be made in A4 size, or A3 size which can be printed on three sheets of A4 card or a single sheet of A3. 
Preparation

· Each model requires one sheet of A4/A3 white card or three sheets of A4 card.

· The card should be 200-300gsm so that it’s easy to cut and relatively flexible.

· Print C1 onto the card, preferably in colour, making a few extra copies for spare parts.

· You will also need a stapler, scissors, string, 30cm rulers, 15cm rulers and calculators.  

To assemble
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1. Locate the slots marked with number 1

2. Cut around the black line of these pieces, leaving the triangular slots till last

3. Cut the triangular slits as shown in the diagram below (NB the smallest slots do NOT need to be cut in this way) 
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4. Using the following pictures as a guide slot the pieces together
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5. The outer ring is assembled by slotting numbers 33 and 34 together and stapling the overlapping joint to fix the shape.

6. Set the assembly inside the outer ring, starting with an end of a primary girder and work round, slotting the other girders in place one after the other. You may need to go round the model twice as some may pop out while the outer ring changes shape. 
	Types of Load
	W7-9
	P17-20


In order to attempt the analysis of the primary beam, students should be comfortable with the following types of loading. The notes below, along with the overheads P16-19, should serve as a reminder if the concepts are fairly new. 

Forces

Forces can cause the body on which they act to accelerate, rotate or deform. They are measured in Newtons which has the equivalent of kgms-2, i.e. it takes 1 Newton to give a 1kg mass 1ms-2 of acceleration. Forces in structures will cause them to deflect or rotate, and it is this deflection and rotation which needs to be minimised in order to prevent the structure failing.  

The different types of forces that we will consider in this analysis of the Emirates stadium are

· Tension

· Compression

· Bending Moments

Tension or “pull” forces – P17, W7 

· How would you exert a Tension or “Pull” Force to a ruler?

Using a 30cm plastic ruler you can apply a Tension force by trying to pull either end apart. If you were able to apply enough of this tensile force to the ruler, it would eventually break in half. 

· How would you draw a Tension force on the following ruler? 
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· How does the ruler behave under this Tensile force? 

When a tension force is applied to an object the object will try to get straighter, causing it to stretch. So any imperfections, e.g. bumps or kinks, will smoothen out while under tension. 

· What do you think would happen if the ruler was made out of a different material

Discuss various different materials in the following different categories

· Metals

Such as Steel, Copper, Gold.

Metals perform well under tension, especially steel which is iron mixed with a small amount of carbon. They are often used in structures to take tension forces.

· Polymers

Such as plastic bags, Mobile Phone covers, Rubber.

Polymers have very varied properties, but they will generally stretch under a tensile force but not break. However this makes them very unsuitable for using in structures under tension as building would undergo large deformations making it unsafe even though it hasn’t broken.  

· Ceramics

Such as brick, Roof Tiles, China Plates.

Ceramics perform very badly under tension. They have a very low tensile strength which is why they are never used to carry tensile forces in structures.

· Composites

Such as Carbon fibre in golf clubs or tennis rackets, Glass fibre in sailing boat.

Composites are combinations of different types of materials mixed together, so the final material has the best characteristics of originals. They often perform very well in tension but are expensive and so are not commonly used for structural purposes. 

The property that changes with material type is the Yield Strength which has a symbol σy. It is measured in Pascals or N/m².

· How would you exert a Tension or “Pull” Force to a piece of string and what happens?
Using about 30cm long pieces of string pull at either end. Observe how the string straightens outs, a key behaviour of objects in tension. 

· Look at a piece of string’s cross-section, how is it made?
An ordinary ball of string will be made up of lots of strands twisted together. 

· If you apply a Tensile force to a single strand what happens? What has changed? 
Separate out a single strand by unravelling the piece of string and pull it at either end, it should break relatively easily. 

A single strange will break at a much lower force that the original piece of string. The material property σy has not changed but eh cross-sectional area has. By increasing the cross-sectional area the piece of string has a higher tensile strength, sot he piece of string can take a higher force without breaking. 

· Summarise the relationship between Tension Force, Material Property and Cross-Sectional Area
The test shows that the stronger the material was the more tensile force we could apply.

=> Material Strength α Tension Force

Also the more cross-sectional area there was the more tensile force we could apply.

=> Cross-sectional area α Tension Force

Which Gives

Tension Force = σy x Cross-Sectional Area
Compressive or “pushing forces” – W7/8 P18
· How would you exert a Compression or “Push” Force to a ruler?

The ruler can be compressed by pushing the two ends closer together.
· How would you draw a Compression force on the following ruler? 
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· What does the ruler do when you compress it? 
The ruler will bend or deforms out of the plane in which the forces are acting. 

This is a key behaviour of things in compression called buckling. This behaviour is not desired in structural members as it can easily lead to failure and can sometime happen very quickly without much notice.
· Try compressing a 30cm metre and then a 15cm ruler, what do you notice?
It requires less force to “buckle” a longer ruler than a shorter one. 
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Optional experiment

This optional experiment compares the behaviour of metals, ceramics, polymers and natural materials under compression. The behaviour of structural members under compression is governed by buckling. The critical load, Pcr (Newtons), at which a member will buckle is given by
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; so depends on the Young’s Modulus, E (Pascals), second moment of area, I (m4) and length, L (m). 

Samples of materials from the four groups should be made up with the following dimensions;

Width (b) = 4cm ; Depth (d) = 0.5cm ; Length (L) = 32cm.

These are similar dimensions to that of the 30cm plastic ruler tested earlier. The second moment of area I, is a geometrical property and has the value of 
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 for a rectangular cross-section, equal to 4.17 x 10-10 m4  for the samples produced.  

The Young’s Modulus for various materials that could be used in this experiment are shown in Table 1 [17]. Students could also measure the Young’s Modulus of the original plastic ruler by plotting a stress strain curve and measuring the initial gradient to compare with other samples. 

	
	E (GPa)

	Metals
	Stainless Steel
	200

	
	Aluminium Alloys
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75

	
	Copper Alloys
	130

	Ceramics
	Glass Ceramic
	87

	
	Brick
	30

	
	Concrete
	31.5

	Natural
	Wood
	13

	
	Cork
	0.032

	Polymers
	PVC
	3.14

	
	Polystyrene
	2.81


Students would not be expected to calculate the critical buckling loads, but should observe the relationship between Young’s Modulus and the load with which the sample fails. Samples of longer lengths and different cross-sections could also be tested to observe the relationship between them and the load. 

Moments – W8/9 P19/20

· What is a Moment?
The moment of a force is a measure of its tendency to cause a body to rotate. If this rotation is resisted the body will bend, so is called a “bending moment”. 

Place a ruler on the edge of a table and apply a force to the tip of the overhanging edge, 

· What does the ruler do?

· Where is the pivot? 

· What is the perpendicular distance?
By putting the ruler on the edge of a table and pushing down on the free end the ruler will pivot about the edge of the table and rotate. 

Now place a hand on the part of the ruler that is in contact with the table and reapply this moment,

· How does the ruler behave differently?

· Where is the greatest moment?

· How would you calculate this moment?
If you place your hand on top of the ruler on the table and re-apply the force, the bending moment is resisted and will cause the ruler to bend. The greatest moment will be at the edge of the table where the ruler is deforming the most. The moment would be calculated by multiplying the value of the force applied and the length of ruler overhanging the table together. 

Increase the force you apply to the tip

· What changes?
There will be a greater deformation, so the moment will be larger.

Increase the amount of ruler you have overhanging the table and reapplying the same force

· What is the subsequent behaviour? 
The same force will produce a larger deflection when there is more distance between the force and the pivot. 
· What two elements do you need to be able to apply a moment?
A moment comprises of a force applied a perpendicular distance away from the centre of the moment. It is proportional to the size of the force applied and the distance the force is away from the pivot. So it must have the following relationship;

Moment = Force x perpendicular distance between line of action and centre of moment

M = F x d

Lay the ruler flat on the table

· Using just two fingers of either hand how can you get the ruler to rotate while remaining flat on the table
Applying an upwards force with one hand and a downwards force with the other at either end of the ruler will make it rotate. 

Fix the centre of the ruler with a friend’s hand and re-apply the rotating forces.
· What happens?
This resistance to the rotation of the moment again causes the ruler to bend and deform. If the ruler is stood on its long edge the bending is more obvious. 

· How would you calculate this moment?
This type of moment is called a couple, as it is a pair of equal forces acting the same distance away from the pivot. As the two forces will create a moment in the same direction in the centre, and if they are a distance d apart, using the equation above we get;

Moment = F1 x d/2 + F2 x d/2

As F1 = F2 = F, this gives

Couple = F x d
	Loading in the Roof
	W10
	P21-22


The girder roof structure needs to support the weight of the roof covering, light and sound fixtures and elemental loading from wind, rain and snow, P21. The load is first taken by the short tertiary girders and has the value of 65kN per metre of tertiary girder or 65 x 103 N/m. This load is then transferred to the secondary girders or straight to the primary girders depending on which they are connected to. The secondary girders then transfer the load to the primary girders which transfer this load to the roof tripods at the edge of the stadium. P22 is animated to show this. 

To calculate the loading on the primary girder
1. Measure the lengths of the tertiary girders.

(NB : the roof is symmetrical in two planes so out of the 32 yellow tertiary girders, only 8 need to be measured)

The scale of the A4 model is 1cm to 12.2m, the A3 model is 1cm to 8.85m. So for the A4 model, Tertiary Girder T1 has a length of 2.25cm which means it has a scaled up length of 2.25 multiplied by 12.2.

Students should fill in the table on W9 by measuring the girders in cm and then multiplying this value by 12.2 to obtain the actual length in metres. Table 3 shows values that they should obtain for the A4 model.

2. Calculate the equivalent load.

Load = Length x Load per unit length

65x103 N/m is the load of the roof covering, light and sound fixtures per unit length of girder.

So,

Load = Length x 65 x 103
3. Calculate the force exerted by the secondary girder on the primary girder.

Tertiary girder T6,7 and 8 transfer their load to the secondary girder first. So summing up the forces from T6, 7 and 8 will give the value of the force exerted by the secondary girder onto the primary. 

	Tertiary girder
	Length (cm)
	Scaling factor (m/cm)
	Length (m)
	Force per metre (N/m)
	Total Force (N)
	

	T1
	2.25
	12.2
	27.45
	65 x 103
	1780 x 103
	

	T2
	2.85
	12.2
	34.7
	65 x 103
	2258 x 103
	

	T3
	3.25
	12.2
	39.6
	65 x 103
	2575 x 103
	

	T4
	3.5
	12.2
	42.7
	65 x 103
	2773 x 103
	

	T5
	3.6
	12.2
	43.9
	65 x 103
	2852 x 103
	Force from Secondary Girder

	T6
	3.25
	12.2
	39.6
	65 x 103
	2575 x 103
	8516 x 103 N

	T7
	3.65
	12.2
	44.5
	65 x 103
	2891 x 103
	

	T8
	3.85
	12.2
	46.9
	65 x 103
	3050 x 103
	


Table 2
	Free body diagram of Primary Girder
	W11
	P23


To assess the forces acting on the Primary girder it will be treated as a free-body. 

A free body diagram is a simplified representation of the girder and the forces acting on it. It shows the girder “free” of its environment without any of its surroundings. The downwards forces acting on it will come from tertiary girders T1 – T5 and the secondary girder (transferring loads from T6-T8). In order for the girder to remain at roof height and not come crashing to the ground, these downwards forces must be balanced by a reacting force, R, from the Tripods at either end. 

Students should;

1. Complete the forces in the 2-D representation of the girder

By representing the beam as a 2D object the forces from the tertiary and secondary girders can be represented as “Point Loads”. Fill in W10, table 3 shows the values they should obtain. 
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	Force from Tertiary girder (N)
	 R
	1780 x 103
	2258 x 103
	2575 x 103
	2773 x 103
	2852 x 103
	2852 x 103
	2773 x 103
	2575 x 103
	2258 x 103
	1780 x 103
	 R

	Force from Secondary girder (N)
	
	8516 x 103
	
	8516 x 103
	

	Total Force
	
	   10300 x 103

	2258 x 103
	2575 x 103
	2773 x 103
	2852 x 103
	2852 x 103
	2773 x 103
	2575 x 103
	2258 x 103
	10300x103
	


Table 3
· From this free body diagram how can we calculate a value for R?

Consider the Vertical equilibrium to calculate the value of the force R. 

Sum up the downwards forces and divide in half to obtain R

Total Vertical Force Downwards = 41510000 N

Total Vertical Force Upwards = R + R = 2R

Vertical Equilibrium: 2R =  41510000
R = 20760000 N

	Cutting the Girder
	W12
	P24


· Where do you think the greatest internal forces are likely to be? 

The middle is an obvious choice as it is furthest away from the supports. So we have found the point of interest. 

· If the structure is “cut” at this point what forces are required to “stick” the two halves back together? 

The next step is to “cut” the structure at this point and investigate the type and magnitude of the load at this point.

By cutting the structure we have destroyed the forces within the structure, so we need to replace them on the free body diagram of half of the beam. If the girder had been cut in two for real the two halves would have fallen to the ground, rotating about the tripod supports at either end. So a rotating force would be required to put the two halves back in their original position. The missing force is therefore a Moment, M.

The free body diagram of half of the girder is now, 
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· How do you calculate this missing force?

A free body diagram is always in equilibrium, so to find the value of the moment we need to consider the moment equilibrium at the centre. 

Moment = Force x Perpendicular Distance between line of action and centre of moment.

So calculating the moment at the centre caused by each vertical force needs  to be calculated, student should obtain the values in Table 4.

	
	Force (N)
	Perpendicular Lever arm (m)
	Moment at middle of girder (Nm)
	Clockwise or Anti-Clockwise

	T1 + Secondary
	1780 x 103
	67.5
	695100000
	Anti-Clockwise

	T2
	2258 x 103
	52.5
	118500000
	Anti-Clockwise

	T3
	2575 x 103
	37.5
	96550000
	Anti-Clockwise

	T4
	2773 x 103
	22.5
	62380000
	Anti-Clockwise

	T5
	2852 x 103
	7.5
	21390000
	Anti-Clockwise

	R
	20760 x 103
	97.5
	2024000000
	Clockwise

	M
	
	Anti-Clockwise


Table 4
Sum of Clockwise Moments = 2024000000 Nm
Sum of Anti-Clockwise Moments = M + 994000000 Nm
Equating the two solves for M;

M = 2024000000 - 994000000
    = 1030000000 Nm
	Turn into internal forces
	W13
	P25


The girder will be made of two Steel tubes as shown below. Steel tubes can only take Tension or Compression Forces. 

[image: image8]
· How can the moment M be converted into either tension or compression forces? 

The moment must take the form of a couple, formed by a tension and compression force, acting at the top and bottom of the cross-section. The tension and compression force must be equal to each other and can be calculated from; 

Couple = Force x Distance between forces

The distance between the forces, is simply the width of the primary girder in the middle and can be measured and scaled up from the cut-out model.

d = 2cm 

   = 2 x 12.2 = 24.4m

Force =                Moment
             
         d


=
1030000000 = 42200000 N


     24.4

· Which way round to the Tension and Compression forces act? 

To decide whether the tension force acts at the top or bottom of the cross-section, consider the turning effect of the two different scenarios. The tension force on the bottom and the compression on the top will give an anti-clockwise moment, and so is the correct choice. 
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	Design the Tension Girder
	W14
	P26


· How can you calculate the required area for the bottom girder in tension? 

The bottom girder is in tension, which means it is being stretched. 

We discovered earlier that

Tension Force = σy x Cross-Sectional Area
The girder will be made out of steel which has a σy = 325N/mm²

So Cross-sectional area (in mm) required = Tensile Force = 42200000 = 129800 mm²
                                                                            325
      325

· The information which the Engineers will need to pass onto the manufacturers are the dimensions of the cross-sectional. Assuming that the tubes are made with 40mm thick Steel, what will be their diameter? 

The cross-sectional area of a hollow tube is 
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Area    = Circumference x Thickness


= π x 2r x t

If the circular hollow tubes have a thickness, t, of 40mm then the required radius (in mm) is;

r =    129800       = 516.7mm
       π x 2 x 40

So the steel tubes will need to have a diameter of 1.03meters. 

	Design the Compression Girder
	W14
	P27


· How is the compression girder on the top likely to fail?
The compression girder will fail by buckling. 

Two straws threaded onto a cocktail stick will behave in the same way as the tension and compression girders. If you push one end of the cocktail stick together and pull the other end apart, one of the tubes will be in compression (yellow) and one will be in tension (green).

The yellow tube deforms out of the plane and will eventually fail by buckling as it snaps. The green straw is in tension and stretches, but does not fail at this low loading. Therefore preventing this buckling behaviour is critical in ensuring the girders do not fail at under the design load. 
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· How could this be prevented?

To prevent this out of plane deformation, which causes the girder to be unsafe and unstable, the tension girder is split in two, to make a triangle, providing lateral bracing for the compressive girder. Now when the compressive force is applied to the top, the out of plane movement of the top steel tube will be resisted by the bracing.  
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The overhead P28 is animated to show the build up of the actual girder used in the roof. The picture shows is being lifted up, take note of the size of the people in the picture which confirms that the diameter of steel tube actually used was around 1.03metres. 
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