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ABSTRACT  13 

To determine the load at which FRPs debond from concrete beams using global-energy-14 

balance-based fracture mechanics concepts, the single most important parameter is the 15 

fracture energy of the concrete–FRP interface, which is easy to define but difficult to 16 

determine.   Debonding propagates in the narrow zone of concrete, between the FRP and the 17 

(tension) steel reinforcement bars in the beam, and the presence of nearby steel bars prevents 18 

the fracture process zone, which in concrete is normally extensive, from developing fully. 19 

The paper presents a detailed discussion of the mechanism of the FRP debonding, and shows 20 

that the initiation of debonding can be regarded as a Mode I (tensile) fracture in concrete, 21 

despite being loaded primarily in shear.  It is shown that the incorporation of this fracture 22 

energy in the debonding model developed by the authors, details of which are presented 23 

elsewhere, gives predictions that match the test results reported in the literature.  24 

 25 
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INTRODUCTION   4 

This paper addresses one particular topic that is important in the analysis of the debonding of 5 

FRP plates from concrete beams, and forms part of a much larger study
1-3

: only a brief 6 

outline of which is given here.  That work has been validated against many experiments 7 

carried out by others, requiring knowledge of the fracture energy of concrete; this is not a 8 

parameter that is normally measured when performing experiments.  This paper explains why 9 

particular values for the fracture energy of concrete have been used in the larger study.   10 

 11 

Premature FRP debonding hampers efficient use of externally bonded FRP plates in flexural 12 

strengthening of concrete beams, and uncertainty about the governing mechanisms means 13 

that there is no reliable theory that can be applied by designers.  Debonding initiates from the 14 

propagation of a dominant crack in the vicinity of the concrete–FRP interface, and hence 15 

fracture-mechanics-based finite element (FE) approaches have often been used in the 16 

literature to determine failure load
4
. These fracture analyses were often based on the 17 

pioneering theories of Hutchinson and Suo
5
, which were intended for the analysis of interface 18 

debonding in thin-layered elastic materials.  However, in contrast to materials like glass, it is 19 

generally assumed that the fracture process zone (FPZ) in concrete is large, typically over 12 20 

in. (300 mm) long with a width of several times the aggregate size
6
. As a result, the 21 

concreteFRP interface cannot be modeled using the concepts of linear elastic fracture 22 

mechanics (LEFM).  Nonlinear FE models, such as the J-integral technique that would be 23 

needed to simulate FRP debonding, require far more detail of the interface properties (such as 24 

the distribution of voids in the interface between the adhesive and the concrete, and 25 
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knowledge of the aggregate distribution) than will ever be available, even to the analyst of 1 

laboratory experiments, and certainly not to designers.  It should be noted that, despite FE 2 

analyses being capable of providing accurate solutions for complex structural mechanics 3 

problems such as fracture in metals, the technique is not proven as a reliable tool for analyses 4 

of concrete structures
7
.  In FE simulations, the crack path must be known a priori; a crack 5 

follows the path of least resistance around or through the aggregate, but reliable estimates for 6 

relative fracture resistances of aggregates and the interface between aggregate/cement-paste 7 

cannot be made.  Alternatively, the use of smeared-crack FE models avoids the need to model 8 

discrete cracks, but this approach fails to model debonding, which is triggered by the 9 

propagation of a dominant single crack.  Moreover, very small elements (typically, with 10 

dimensions < 0.04 in (1 mm)) are needed in FE simulations to obtain consistent results for 11 

fracture parameters. At this length scale, concrete does not behave as a homogeneous 12 

material.  As a further complication in the analysis of FRP debonding, the effect of the steel 13 

bars present in the FPZ (Fig. 1) is difficult to model.  The effect of the steel bars on the FPZ 14 

may be incorporated in the FE simulations by imposing a boundary condition in the form of a 15 

known strain but no accepted method exists in the literature.   16 

 17 

A high stress may cause a crack to form near the interface, but that crack will only propagate 18 

if more energy is thereby released than it takes to form the new fracture surfaces.  It is thus a 19 

fracture mechanics problem so an accurate solution cannot be determined from methods 20 

based on a detailed stress analysis. In recently developed non-linear fracture mechanics 21 

models
8
, the results of shear-lap tests were used to derive the fracture parameters that govern 22 

FRP debonding. However, as is shown below, these tests do not provide accurate fracture 23 

parameters that can be used in the analysis because of the difference between the mode of 24 

fracture that takes place in strengthened beams and that in a shear-lap test.  In addition, the 25 
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FRP carries a very high tension force (Fp), acting at an eccentricity with respect to the tip of 1 

the shear/flexural crack that forms the critical interface crack.  This introduces a significant 2 

tension at the crack tip causing a tensile fracture; none of the reported studies take account of 3 

this effect.  As an alternative, Oehlers et al. (2011)
9
 recently presented a model, based on the 4 

rigid-body rotations that take place at the dominant flexural crack that triggers debonding.  5 

This model, however, requires precise details of the crack locations and only considers the 6 

effect of a single flexural crack in the beam. Although a number of models have been 7 

reported, none of this provides a comprehensive tool to analyse FRP debonding. 8 

 9 

The present authors have earlier developed a global-energy-balance-based fracture mechanics 10 

model for the analysis of FRP debonding
1-3

.  The model obviates the need for FE analyses.  11 

The model assumes that flaws are inevitable in the interface, and predicts that debonding will 12 

occur when the energy available to drive a small extension of an existing interface crack 13 

exceeds the energy needed to form the new fracture surfaces.  Two key governing parameters 14 

are compared in the model to determine debonding: the energy release rate (i.e. the energy 15 

release due to a unit extension of a crack of unit width GR) and the interface fracture energy 16 

(the energy required to form new fracture surfaces needed to accommodate a unit extension 17 

of a crack of unit widthGF_int). Manufacturers have now developed sufficiently tough 18 

adhesives that, if used correctly, failure usually takes place in the concrete just above the 19 

interface (Fig. 1).  Thus, it is possible to assume that GF_int is the same as the fracture energy 20 

of concrete (GC).  The critical crack – i.e. the smallest crack that can propagate rapidly under 21 

the given conditions  can be determined when GR = GC. Thus, for a given beam, the model 22 

can determine either the crack length that triggers failure at the design load, or the failure 23 

load of a beam with an existing crack of known length.  The model predictions, based on this 24 

concept adopted in the analyses, matched well with test data reported in the literature
3
.  25 
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When the fracture occurs, the beam loses some of its stiffness, so work is done by the 1 

external loads.  The curvature increases in the beam, storing some of this extra work as strain 2 

energy, but some is left over to cause the crack to propagate. The GR during fracture 3 

extension can be determined if the energy states of the beam before and after the crack 4 

extension are known
1,2

. An accurate analysis of the energy state of a beam using its 5 

stressstrain variations over the whole span is very complex, so a simpler integration of 6 

momentcurvature (M– was used, but even determining the curvature is complex
1
.  A 7 

modified form of Branson's model, which determines the M– relations and hence the energy 8 

state of a beam was developed; this analysis is presented elsewhere
1,2

.     9 

 10 

If the technique of flexural strengthening of beams is to be useful, it is necessary to know the 11 

GC of the concrete from which the beam is made.  But GC is not a property that can be 12 

determined reliably, either theoretically or experimentally, even in a research context. To 13 

determine GC theoretically, knowledge of the stressdisplacement relations in the FPZ are 14 

required, and it is more accurate to rely on experimental investigations. However, 15 

inconsistent fracture data can result from experiments since the FPZ may not develop fully in 16 

the small specimens usually used in tests. Also, interface debonding is caused by a 17 

combination of normal and shear stresses
2
, and determination of this fracture energy is very 18 

complicated.  It is virtually impossible to set up experiments to simulate the actual mixed-19 

mode loading conditions present in the interface of strengthened beams.  20 

 21 

This paper raises a number of issues that are controversial, and go against accepted wisdom; 22 

the logic will be explained in more detail below.   23 

 Conventional fracture analysis would fail to determine the GC in the vicinity of the 24 

interface, because the FPZ cannot develop fully due to the presence of the steel bars.   25 
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 FRP debonding from concrete beams can be regarded as a Mode I fracture in concrete, 1 

which explains why the shear-lap experiments often used in the literature do not provide 2 

results that are useful.  Instead, it is necessary to use data from experiments designed to 3 

determine the tensile fracture energy.  The paper shows how the fracture energies of the 4 

beams quoted in the earlier papers by the authors
3
 were determined.   5 

 The fracture energy can be regarded as independent of the length of the debonding crack, 6 

even though the FPZ cannot develop fully, because the strain conditions near the tip of 7 

the crack remain unchanged as the crack develops. 8 

 The data provided by this analysis can predict debonding loads in a range of strengthened 9 

beams that have been reported in the literature.  10 

 11 

RESEARCH SIGNIFICANCE  12 

The paper argues that debonding failure of FRP-strengthened beams takes place by a tensile 13 

(Model I) fracture of the concrete in the cover zone of the beam.  The presence of the steel 14 

bars nearby limits the extent to which the FPZ can develop, and means that the fracture 15 

energy is independent of the length of the existing crack.  This is of fundamental importance 16 

for the use of fracture mechanics in the analyses of FRP debonding from concrete beams.   17 

 18 

MECHANISM OF FRP DEBONDING 19 

The plate end, and zones where widening of flexural cracks cause interface flaws, are most 20 

susceptible to the initiation of debonding; the two modes are referred to as “plate-end” (PE) 21 

and “intermediate-crack-induced” (IC) debonding respectively (Fig. 2).
2
 PE debonding 22 

initiates at the vicinity of the FRP end and propagates towards the middle of the beam, 23 

whereas IC debonding initiates at a high-moment zone and propagates towards a low-moment 24 

zone.  In both modes, fractures propagate in the concrete substrate between the FRP and the 25 



7 

 

tension steels of the beam
4
. Usually, the whole concrete cover of the beam separates during 1 

PE debonding, and only a few millimeters thick concrete layer separates during IC debonding.  2 

 3 

Interfacial stress concentrations 4 

A crack in a material can propagate either by opening (Mode I), shearing between the two 5 

crack faces (Mode II), or by a combination of both (mixed-mode).  In different modes of 6 

fracture, different stressdisplacement fields will develop in the vicinity of the crack, so the 7 

fracture energy depends on which fracture mode occurs.  Although cracks in brittle, isotropic, 8 

homogeneous solids propagate by maintaining pure Mode I condition at the crack tip, the 9 

stress field that triggers debonding at an interface can be very complex
5
.  Various forms of 10 

stress concentrations develop due to the different fracture toughnesses of the two joining 11 

materials and also there are a number of geometric constraints
5
.  12 

 13 

Plate-end (PE) debonding 14 

If the FRP plate is curtailed at a considerable distance away from the beam support, a 15 

dominant shear crack can be formed in the concrete beam near the plate end 
2
.  There are two 16 

mechanisms that may cause the crack to propagate towards the beam along a direction about 17 

45º to the interface (Fig. 3a).  The FRP force acts at an eccentricity with respect to the tip of 18 

this shear crack, where it induces significant tension (Fig. 3a).  The crack will propagate by 19 

opening of the crack tip in the direction perpendicular to that of the maximum principal 20 

tensile stress (MPTS).   The relative vertical displacements between the two crack faces of 21 

the original shear crack can also contribute to the propagation of the crack towards the beam.  22 

 23 

Various other mechanisms can also introduce additional interfacial stress concentrations, 24 

which will contribute to the further propagation of the original crack.  The concrete beam is 25 
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very stiff by comparison with the FRP, so the beam remains effectively straight, while the 1 

eccentricity between the tension in the FRP and the concrete surface tends to peels away the 2 

FRP from the beam.  Moreover, the axial strain of the bonded FRP is zero at its ends, but 3 

since the FRP is curtailed at a nonzero moment location, the adjacent surface of concrete has 4 

a nonzero axial strain.  The full strain compatibility between the beam and the FRP is only 5 

satisfied some distance away from the FRP end.  The stress gain in the FRP at its end is very 6 

rapid and is associated with a development of significant interfacial shear stresses. These 7 

interfacial stress concentrations cause the development of the original shear crack, however 8 

because of the presence of the steel bars, rapid propagation of PE debonding usually takes 9 

place at the level of the steel, separating the entire concrete cover from the beam. 10 

 11 

Intermediate-crack-induced (IC) debonding 12 

The relative sliding between the two faces of a flexural crack in a high moment zone of the 13 

beam forms interface flaws, and these movements of the crack faces will also introduce the 14 

peeling force that is required to trigger debonding (Fig. 3b).  In addition, the transfer of 15 

tensile stresses from the concrete to the FRP at the crack location introduces high interfacial 16 

shear stresses. If the stress concentrations that develop at the interface crack exceed the 17 

critical state, debonding takes place towards a low moment zone of the beam (Fig. 2).  Note 18 

that, since the principal stress would be at about 45º to the interface, it is expected that the 19 

crack would move into the beam.  However, this will not happen since a high Fp acts 20 

eccentrically to the crack tip, taking the fracture back down towards the interface (Fig. 3a).  21 

Thus, only a thin layer of concrete separates here, in comparison to that during PE debonding.  22 

 23 

A complex stress field that develops in the vicinity of a critical interface crack triggers 24 

debonding.  GC of concrete against mixed-mode loading is therefore needed to determine the 25 
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loads at which debonding occurs, although it will be contended below that the Mode I effects 1 

dominate the propagation of debonding. Note that it is virtually impossible to accurately 2 

determine these stress fields and therefore any method that purports to compare predicted 3 

detailed stresses with interface strength is almost guaranteed not to provide a reliable solution. 4 

 5 

FRACTURE ENERGY OF CONCRETE UNDER MIXEDMODE LOADING 6 

A crack under mixedmode loading can experience either kinking or straight-ahead 7 

propagation, depending on the relative fracture resistances associated with the competing 8 

possible directions of advance
5
.  The mixed-mode fracture energy (GCI/II) thus depends on the 9 

magnitude of the component of each primary mode of fracture involved during a unit total 10 

extension of the crack and the also on the respective fracture energies of pure primary modes 11 

(i.e. GCI and GCII respectively) (Eq. [1])
5
.  The relative contributions of each primary mode 12 

(i.e. the mode mixity), is defined as the ratio of the components of Mode II to Mode I.   13 

GCI/II usually increases with the increase of  since GCII is often higher than GCI. 14 

                                                         IIII/II )( CCC GGG  1                                             [1] 15 

 16 

Mechanism and fracture energy of Mode I crack 17 

Under uniaxial tension, when the applied stress at the tip of an existing traction-free crack 18 

reaches the tensile strength (ft), the crack starts to open in the direction perpendicular to that 19 

of the stress.  A new portion of the crack is formed in front of the crack tip, and thus, the 20 

crack starts to propagate by opening (i.e. Mode I crack) (Fig. 4a).  However, until the tip of 21 

the original traction-free crack (Point A in Fig. 4a) opens up to a certain critical value (wc), 22 

stresses continue to transfer across the newly-formed part of the crack faces, since the 23 

aggregate pieces “bridge” the crack. Once the crack has opened beyond wc, the newly-formed 24 

crack faces become traction-free.  The energy required to open the new part of the crack faces 25 
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from its initial intact state to the current traction-free state is GC I. Thus, GCI of a concrete 1 

depends on the magnitudes of both ft and wc. Typically, ft<0.73 ksi (5 N/mm
2
) and  wc < 0.008 2 

in. (0.2 mm)
11

 which results in a relatively low GCI (usually, GCI < 0.86 lbf/in.  (0.15 N/mm)).  3 

 4 

Mechanism and fracture energy of Mode II fracture 5 

To propagate a crack in shear, the two crack surfaces need to displace relative to each other 6 

over the whole length of the fracture plane (Fig. 4b). Therefore, large crack plane separations, 7 

of the same order of magnitude as the size of the aggregate, are required to propagate a 8 

Mode II crack in concrete. A Mode II crack follows a tortuous path and propagates against 9 

high friction/aggregate interlock resistances in comparison to the much lower GCI, where 10 

crack plane separations of less than 0.008 in. (0.2 mm) is required to drive a crack.  As 11 

expected, the GC II values reported in the literature are significantly higher than GC I (often 12 

more than 20 times)
12

.  There is also a large scatter in the reported GC II values which may be 13 

attributed to the different effective fracture areas experienced in different test specimens. 14 

 15 

Local Mode I crack extension under mixed-mode loading  16 

Because of the relatively high shear fracture resistance of concrete, it has been widely 17 

assumed that a crack under mixed-mode loadings propagates by opening of the crack tip, 18 

although the direction of propagation depends on the mode mixity
12

.  It has been further 19 

assumed that a crack starts to open when the MPTS at the crack tip reaches ft, and the 20 

instantaneous propagation will be in the direction perpendicular to that of the MPTS 
12

.  Thus, 21 

it is appropriate to assume that the crack opening will be associated with the same fracture 22 

energy as that under pure Mode I. This assumption has been widely validated in the 23 

literature
12

; the test results for the fracture paths matched well with that obtained from FE 24 

simulations based on the MPTS failure criterion with GCI as the governing parameter.  Note 25 
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that those FE analyses would not have been affected by non-linear material behaviour 1 

because of the very low working strains, and also the fact that the test specimens should have 2 

been free from cracks other than the one where propagation was studied.   3 

 4 

MODE I FRACTURE ENERGY OF THE CONCRETEFRP INTERFACE 5 

It has been assumed here that, irrespective of the mode mixity, a crack in concrete will grow 6 

locally by opening in the direction perpendicular to MPTS.  In this way, an interface of a 7 

strengthened beam, which is primarily carrying shear, actually fails in tension. In PE 8 

debonding, the Fp acts eccentrically to the tip of the shear crack that triggers debonding, 9 

causing a moment that causes dominant tension in the crack tip, and hence the crack 10 

propagates by opening of the crack tip (Fig. 3a).  Thus, instantaneous propagation of PE 11 

debonding takes place as a Mode I fracture in concrete.  During IC debonding, there is no 12 

moment induced by the FRP, which remains attached to the concrete at both ends of the 13 

unbonded zone.  However, this attachment means that only infinitesimal sliding can take 14 

place and the large fracture energy associated with Mode II fracture cannot be developed.  15 

However, because the FRP is so thin, it is relatively easy for it to move slightly away from 16 

the concrete surface, thus mobilizing the much lower Mode I fracture energy. 17 

 18 

Bond-slip models  19 

Single/double-shear-lap experiments (Fig. 5a) have commonly been used
13

 to determine the 20 

parameters for the analysis of FRP debonding.  The specimens failed due to shear fractures 21 

that occurred within the concrete substrate, adjacent to the concreteFRP interface. The 22 

maximum shear stress that can be resisted by the interface and the fracture energy were 23 

usually determined using the bondslip relationships measured in the tests.  In a shearlap 24 

test, the concrete substrate fails in shear whereas it is asserted here that a Mode I fracture 25 
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triggers FRP debonding from concrete beams. Therefore, it is contended that these tests do 1 

not provide meaningful fracture parameters that can be used in the analysis of FRP debonding.  2 

Fracture energy values derived from a shearlap experiment (i.e. GCII) will be significantly 3 

higher than that against debonding of FRPs in strengthened beams, and they also depend in a 4 

complex way on the area of the fracture plane that has been formed in the experiment.  Tests 5 

with different widths of FRPs on identical concrete blocks resulted in different fracture 6 

energies
13

.  A few recent studies
8
, have used the bond-slip results derived from shear-lap 7 

experiments, in smeared-crack based FE models to analyse FRP debonding.  The selection of 8 

Mode II fracture parameters in these models, however, does not represent the actual 9 

mechanism of FRP debonding where a Mode I fracture triggers fracture.   10 

 11 

Some recent research studies have experimentally investigated the Mode I fracture energy in 12 

the vicinity of concreteFRP interface
14

, although the tests were not aimed modelling FRP 13 

debonding as a Mode I fracture of concrete.  Qiao and Xu
14

 used a modified threepoint bend 14 

specimen, where the specimen was made by joining two halves of the beam, one having an 15 

epoxy bonded FRP and the other an adhesive layer on the joining surfaces (Fig. 5b).  A 16 

Mode I fracture was observed, within the concrete substrate at one side of the beam, but close 17 

to the interface. The fracture energy calculated from that study
14

 is of similar magnitude to 18 

that of pure concrete (0.6–0.9 lbf/in.(0.1–0.15 N/mm)).  Thus, if the failure takes place within 19 

the concrete, the presence of nearby FRP does not affect GCI.   20 

 21 

INVARIANCE OF THE FRACTURE ENERGY IN FRP DEBONDING 22 

When a fracture develops in a large block of concrete, it is possible for the FPZ to fully 23 

develop.  The energy required to extend the crack can thus be expected to vary as the crack 24 

gets longer; that variation is referred to in fracture mechanics literature as the R-curve.  25 
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Although Rcurve analyses of some non-linear materials, such as steel and FRP composites, 1 

are now well established, no accepted data exists for concrete.  2 

 3 

Although a few studies, such as the equivalent-LEFM-based model of Shah and Ouyang
15

 4 

have been reported, no conclusions were drawn.  During a test, it is difficult to identify the 5 

FPZ when the crack has just formed, while the existence of a large FPZ means the results are 6 

influenced by the geometry of the test specimens.  Despite considerable research during the 7 

1980s, there has been very little work recently on the Rcurve of concrete.  No advances over 8 

earlier understanding have been observed, even in the limited recent studies
16

.  Even for 9 

cement paste, which has a much simpler microstructure, there is no consistent data. 10 

 11 

Fig. 6  shows a crack forming in the cover zone between the FRP and the steel reinforcement; 12 

two positions are shown, one before and one after the crack has extended.  Both the steel and 13 

the FRP are bonded to the concrete ahead of the crack, so the strain in the concrete is limited.  14 

The effect is that the FPZ is of limited extent.  Furthermore, the FPZ cannot be influenced by 15 

the length of the crack, because it is not possible for any deformation of the FRP (the 16 

concrete being sensibly rigid) to change the state ahead of the crack tip.  Thus, the FPZ ahead 17 

of the crack tip in State 2 is of the same extent as it was in State 1.  If the FPZ is the same, the 18 

fracture energies must be independent of the length of the crack.   19 

 20 

The corollary of this argument is that the fracture energy to be used in a debonding analysis 21 

should be the value obtained from small-scale test specimens, or from the initial stages of 22 

tests on larger specimens when the crack has not fully developed.  This is consistent with 23 

earlier analyses of FRP debonding
3
 that have shown that interface cracks of about 0.8–1.2 in. 24 

(2030 mm) and 0.1–0.2 in. (25 mm) long cause PE and IC debonding respectively. 25 
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DETERMINATION OF THE MODE I FRACTURE ENERGY OF CONCRETE 1 

Knowledge of the stress vs. crack-opening (w) relationships in the FPZ, during a unit 2 

extension of a Mode I crack, is required to determine GC I.  However, this analysis is not 3 

trivial since the w relationships of concrete depend on many microstructural features 4 

which are unknowable.  No accepted method is reported in the literature for this analysis, and 5 

therefore, it is more accurate to determine GCI of a given concrete using experiments. 6 

 7 

Experimental evaluation of GCI 8 

Standard methods
17

 based on energy balance during the experiments of notched–beam 9 

specimens, together with appropriate correction factors to take account of the effects due to 10 

small test specimens, are now well established to determine GCI .  As confirmed by recent 11 

studies
16

, these experiments can be used to obtain reliable estimates for GC I .  Note that 12 

inaccurate GC I evaluations have been made, and are still being made, based on an empirical 13 

formula quoted in the CEBFIP model code
11

, which is simple to use, because it is based on 14 

the compressive strength ( /

c
f ) and the maximum size of the aggregates (da)  of the concrete. 15 

However, this formula was based on an earlier RILEM report
18

 that recommends the direct 16 

estimation of GCI from the results of  beam specimens without taking account of the size 17 

effect of concrete; thus, the method underestimates GCI in most cases.  18 

 19 

Simplified approximate models for GC I 20 

Although it is possible to obtain reliable estimates for GC I from tests, the experimental 21 

investigations are not trivial and are often associated with several practical and conceptual 22 

difficulties.  A stiff testing machine is needed to allow stable fractures in concrete.  23 

Simplified models, albeit approximate, which are usually presented in terms of more readily 24 

known properties of concrete such as /

c
f  and  da , are useful to determine GC I  .      25 
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The cohesive crack model  1 

The cohesive crack model
19

, which models the development of the FPZ by the stress vs. 2 

crack-opening relationship at the tip of a traction-free crack, is widely believed to be the best 3 

performing fracture model for concrete and is widely used in the fracture analysis of concrete. 4 

The model is also very useful in the experimental studies since only the characteristics at the 5 

original crack tip, whose geometric location is precisely known, need to be studied. 6 

 7 

A traction-free crack is assumed to open when stress at the crack tip (tip) reaches ft.  Thus, at 8 

the crack tip (Point A in Fig. 7), a zero crack opening is associated with a tip of ft.  The 9 

widening of the crack tip (wtip) causes the crack to propagate.  However, the aggregate pieces 10 

bridge the crack and hence there will only be a gradual decrease in tip to zero as wtip grows 11 

to a critical value (wtip_c) where there is no stress transfer between the crack surfaces in the 12 

FPZ.  The tip–wtip relation is referred to as the tension-softening response, and it is assumed 13 

that the part of the crack opening where wtip<wtip_c characterises the development of the FPZ.  14 

The area under the tip–wtip curve (Fig. 7) – i.e. work done against cohesive forces present in 15 

the FPZ (Eq. 2) – represents GC I.  The model thus provides an alternative way to estimate 16 

GC I , avoiding the need for knowledge of the stress–crack opening relations in the FPZ.   17 

     
I

0

C

w

tiptip Gdw

tip_c

                                                     [2] 18 

Tensile strength and the tension-softening response 19 

The tensile strength (ft) and the tension-softening response are both required to determine GCI.  20 

 21 

Tensile strength 22 

The ft of a concrete can be influenced by the heterogeneity of the mix and also the type of 23 

stress field that causes the failure.  However, it is generally assumed to have a known relation 24 

to the /

c
f of the mix; the EuroCode 2

20
 recommendation is used in the present work (Eq. 3).   25 
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2
 )                         [3] 1 

Determination of the tension-softening response 2 

In the reported experiments
21

, uniaxial tensile tests were carried out using very stiff testing 3 

machines.  However, the location of the fracture is not known a priori, so study of the critical 4 

zone prior to development of significant microcracks is very difficult.  A notched specimen 5 

helps to identify the critical zone, but the notch introduces additional stress concentration. 6 

The tests assume a uniform stress distribution across the specimen, but once the fracture has 7 

initiated a significant stress gradient will develop near the crack.   8 

 9 

Despite it being virtually impossible to obtain precise results for the exact –w relationships, 10 

the experiments are capable of providing the approximate shape of the softening curve.  This 11 

can then be adjusted until the area under the softening curve equals the independently 12 

determined more reliable estimate of GC I.  This allows the correlation of the softening 13 

responsewith more readily-known properties of concrete such as /

c
f and da .  The simplified 14 

models can then be used for the estimation of GC I of other concretes. 15 

 16 

Simplified tension-softening models  17 

A rapid development of microcracks followed by stable widening of a critical macrocrack is 18 

observed in the tests
22

. Thus, the shape of the softening curve has been approximated by 19 

using bilinear
22

 and polynomial
23 

models with ft and wtip_c as the key parameters (Fig. 8).   20 

 21 

Bilinear models 22 

In bilinear models, the coordinates of the kinking point (f1, w1), and wtip_c are required to 23 

determine GC I  (Fig. 8a). It has been reported that f1 is about 1/3 of ft  
22

, and a range of values 24 

between 0.001–0.0015 in. (0.030.04 mm) were quoted for w1 
21,22

; these values are assumed 25 
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in the present study. The stress transfers between the crack surfaces, and hence, wtip_c, depend 1 

upon da of the mix.  The CEBFIP model code
11

 recommends typical wtip_c values of 0.005, 2 

0.006 and 0.01 in. (0.12, 0.15 and 0.25 mm) for concretes with crushed aggregate of  0.3, 0.6 3 

and 1.3 in. (8, 16 and 32 mm) respectively.  In the present study, these values are assumed 4 

with appropriate interpolations to determine wtip_c of concretes with other sizes of aggregate. 5 

 6 

Polynomial models 7 

The power relation developed by Reinhardt
23

 is the most widely quoted model in the studies. 8 

  n

ct wwf  1                                                         [4] 9 

where n is the fitting parameter which he found to be between 0.2–0.4 for normal concrete 
23

.   10 

 11 

The more recent studies of tension-softening of concrete
24

, were still based on previously-12 

described simplified models, although newer test set-ups were used together with improved 13 

crack-detection techniques such as digital image correlations.  However, no improvements in 14 

understanding over the earlier simplified models have been reported.   15 

 16 

Effects of the shape and the surface texture of aggregates  17 

In concretes with rounded aggregate (e.g. river gravels), the macrocracks may coalesce by 18 

growing around the aggregate pieces.  However, when rough/angular aggregate (e.g. crushed 19 

aggregate) are used, the macrocracks may follow the shortest path by growing through the 20 

aggregate pieces because of the high frictional resistances along tortuous crack paths.  As a 21 

result, crushed aggregates give higher GCI. The simplified tension-softening models discussed 22 

above were based on results of concretes with crushed aggregates, and therefore, the models 23 

do not take account of the effects due to the shape and the surface texture of the aggregate.  24 
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The empirical model of Bažant and Becq-Giraudon
25

, based on a large database of test results, 1 

takes account of these effects to predict GCI.  They quote (Eq. [5]): 2 

             0.300.220.46

0I 11.2710.0512.5 α


 CWdfG a_max

/

cC           (N, mm units)      [5] 3 

where 0 =1 and 1.44 for rounded and crushed aggregates respectively, and W/C is the 4 

water/cement ratio by weight of the mix.  5 

 6 

Estimation of GC I: An example 7 

Table 1 shows the estimates for GC I for a concrete mix with da of 0.8 in. (20 mm) (crushed 8 

aggregate) and W/C of 0.5 according to the bilinear models of Guinea et al.
22

, and Gustafsson 9 

and Hillerborg
26

; and the polynomial model of Reinhardt
23

. The prediction from the empirical 10 

model is also shown in the table. The polynomial model gives a range of values to be 11 

expected from tests but does not give a method for predicting the exact value without doing 12 

tests.  As shown in Table 1, the two bilinear models predict similar GC I and they agree well 13 

with that from the polynomial model. The prediction from the empirical model also matches 14 

well with those from the simplified models but, as expected, the CEB–FIB model code 15 

expression
11

 underestimates GC I. The values quoted in the table suggests a value of  0.86 16 

lbf/in. (0.15 N/mm) for the GC I of the assumed concrete, which agrees with experimentally 17 

obtained GC I 
 
for similar strength concretes with 0.8 in. (20 mm) crushed aggregates

16
.   18 

 19 

The incorporation of GCI in the FRP debonding analysis gives predictions that match the test 20 

results reported in the literature
3
. The GCI values used in that study were determined as below.   21 

 22 

USE OF GC I IN THE ANALYSES OF FRP DEBONDING  23 

The global-energy-balance FRP debonding analysis was applied to several sets of beam tests 24 

reported in the literature
3
. The GCI of the concretes used were not measured, so it is necessary 25 
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to decide on values that can be used in the analysis. The /

c
f of the concretes used in the beams 1 

being tested were in the range  4–8 ksi (30–55 N/mm
2
); crushed aggregates of 0.8 and 0.4 in. 2 

(20 and 10 mm) and 0.4 in. (10 mm) rounded aggregates were used in the mixes
3
.  Since 3 

the /

c
f of the beams did not vary significantly, it was assumed that variations in GC I of these 4 

concretes mainly depend on the aggregate properties. Table 2 shows the estimates for GC I of 5 

the beams under consideration, calculated from data quoted by the experimenters, according 6 

to the simplified models and the empirical model discussed above. Since the softening 7 

models can only be used to estimate GCI of concretes with crushed aggregates, the GC I of the 8 

mixes with rounded aggregate were estimated using the empirical model only.  When using 9 

the bilinear models, the coordinates of the kinking point (f1, w1 in Fig. 8a) were assumed to 10 

be 0.33ft  
22

 and 0.001 in. (0.03 mm)
23

 respectively, for all concretes.  The values of ft were 11 

obtained from Eq. [3].  The values for the wtip_c of concretes with 0.4 and 0.8 in. (10 and 20 12 

mm) crushed aggregates were assumed to be 0.005 and 0.007 in. (0.130 and 0.175 mm) 13 

respectively, based on the typical values recommended in the CEBFIP model code
11

.   14 

 15 

Based on the values quoted in Table 2, the GC I of mixes with crushed aggregates of 0.8 and 16 

0.4 in. (20 and 10 mm) and 0.4 in. (10 mm) rounded aggregates were assumed to be 0.86, 17 

0.57 and 0.40 lbf/in. (0.15, 0.10 and 0.07 N/mm) respectively. These values agree with 18 

experimentally-obtained GCI values for concretes with similar properties
16

. The measured GC I 19 

values were often associated with a scatter of about 10%, so to illustrate the significance of 20 

this variability, results for a ±10% variation in GC I was considered in the debonding analysis
3
.   21 

 22 

Results of debonding analyses 23 

All the beams analysed in the present study were tested as simply-supported beams under 24 

four-point bending with equal shear spans
3
.  A large database of beam specimens, including a 25 
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variety of material and geometric properties, and also covering beams that failed in all 1 

possible modes of FRP debonding, was investigated.  Comparisons made in this study
3
 have 2 

shown that the assumption of these GCI values in the analyses predicted results that match the 3 

experimental data.  A single example for each of PE and IC debonding are shown below.  4 

 5 

Example: Plate-end debonding  6 

When the FRP is curtailed at a considerable distance away from the beam support, debonding 7 

is likely to initiate due to the formation of a dominant shear crack near to the plate end.  8 

Further extension of this crack forms an interface crack, so the effective plate end location 9 

(L0_e), just prior to the initiation of rapid propagation of debonding,  is now placed slightly 10 

away from the actual plate end (L0) (Fig. 9).  It was assumed that the original shear crack 11 

propagates along a direction at about 45º to the interface (the actual direction of propagation 12 

may be slightly varied from this, but it should not have a significant effect on the results 13 

predicted by the model), up to the level of tension-steel bars in the beam, and therefore, it was 14 

contended that L0_e  should be located between L0 and a further cover distance (c) into the 15 

beam (Fig. 9).  The energy release rates (GR) associated with L0_e values in the range L02c 16 

and L0+2c were determined and compared with GC I (including a range with ±10% variation 17 

in GCI) to decide whether debonding is possible at the reported failure load (Pf).   18 

 19 

Fig. 10 shows the variation in GR vs. L0_e for beam pair F9 and F10 selected from the study of 20 

Fanning and Kelly
27

 (L0= 20 in. (500 mm) and c=1.2 in. (30 mm)).  The GC I of the concrete 21 

with 0.8 in. (20 mm) crushed aggregate was assumed to be 0.86 lbf/in. (0.15 N/mm).  The 22 

figure shows that taking L0_e  to be 0.4 in. (10 mm) higher than the actual L0 (i.e. L0<L0_e< 23 

L 0 + c ), the failure load predicted from the model compares well with the Pf observed in the 24 

experiment.  The figure also shows that, at the observed Pf  any  L0_e shorter than the actual 25 
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L0 could not cause PE debonding, since an interface crack of a positive magnitude is required 1 

to trigger failure.  Fig. 10 also shows that loads 10% higher or lower than Pf are too strong or 2 

too weak respectively to cause failure within the range between L0 and L0+c.  Thus, the 3 

results of the present analyses match with the observed Pf and failure mode. 4 

 5 

Example: Intermediate-crack-induced debonding  6 

Earlier analyses by the authors
3
 have shown that, in four-point bending beams, interface 7 

cracks formed due to widening of flexural cracks located at about a half beam depth (h) away 8 

from the loading point cause IC debonding (Fig. 11).   Analyses of IC debonding observed in 9 

a set of beams (Group 1) reported in the study of Ross et al.
31

 are discussed below. 10 

 11 

Possible propagation of interface cracks that are assumed to initiate at the critical location (xc) 12 

of the beam span (i.e. ½ h away from the loading point) and, a further ½ h and h towards the 13 

nearest beam end were investigated.  A concrete with 0.4 in. (10 mm) crushed aggregate was 14 

used in the beams, so GC I was assumed to be 0.57 lbf/in. (0.10 N/mm).  The solid line in Fig. 15 

12a shows the variation in GR vs ld (crack length) for an interface crack that initiates at xc, at 16 

the observed Pf.  The figure shows that ld of 0.08 in. (2 mm) would cause failure here; it has 17 

been observed that widening of a critical flexural crack in the high moment zone forms 18 

interface cracks of this magnitude
29

.  The dashed lines in Fig. 12a show that, if the debonding 19 

initiated at ½ h or h away towards the nearest beam end, much longer cracks of lengths 0.14 20 

in. (3.5 mm) and 0.24 in. (6 mm) respectively, would be required to cause debonding at Pf; 21 

these are less likely to occur.  The conditions needed for debonding to initiate at xc at 90% of 22 

Pf is also investigated in Fig. 12b.  The figure shows that a critical crack of length about 23 

twice that required at Pf would be required to cause failure here so again is less likely. 24 

 25 
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CONCLUSIONS 1 

 The paper has shown that the FRP force, acts with an eccentricity with respect to the tip 2 

of the crack that triggers PE debonding, causes a dominant tension in the crack tip, and hence 3 

the crack starts to propagate by opening. 4 

 In IC debonding, the FRP cannot slide parallel to the concrete because it is fixed at both 5 

ends of the unbonded zone, but it can move away from the surface.  6 

 Thus, in both types of debonding, even though the interface of a strengthened beam, is 7 

primarily carrying shear, it actually fails in tension.  Thus, debonding propagates locally as a 8 

Mode I fracture in concrete.   9 

 Debonding occurs in a narrow zone of concrete, between the FRP and the internal steel 10 

bars of the beam, and therefore, a conventional fracture analysis of the fracture process zone, 11 

which is typically over 12 in. (300 mm) long, cannot be performed.  12 

 It is appropriate to assume that the fracture energy to be used in a debonding analysis 13 

should be the value obtained from small-scale test specimens.  14 

 Appropriate non-linear models to determine the Mode I fracture energy of concrete, to an 15 

accuracy that can be used in the analysis of FRP debonding, have been presented.  16 

 The incorporation of the Mode I fracture energy of concrete in the FRP debonding 17 

analyses, gives predictions that match the experimental results reported in the literature. 18 

 19 

NOTATION 20 

da  = maximum size of the aggregates used in the concrete mix 21 

/

c
f , ft  = compressive and tensile strength of concrete respectively 22 

GC = fracture energy of concrete 23 

GCI , GCII = Modes I and II fracture energy of concrete respectively 24 
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GF , GF_int  = fracture energy and interface fracture energy respectively 1 

GR = energy release rate 2 

w = width of the separation between the two surfaces of a crack 3 

 = stress 4 
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Table 1 Estimation of GC I of the assumed concrete mix 5 

Reference Model  GC I, lbF/in. (N/mm) 

Gustafsson and Hillerborg 
26

 bilinear softening 0.799 (0.140) 

Reinhardt 
23

 power relation 0.474–0.811 (0.083–0.142) 

Guinea et al. 
22

 bilinear softening 0.828 (0.145) 

Bažant and Becq-Giraudon 
25

 empirical 0.640  0.194 (0.112  0.034) 

CEB–FIP model code 
11

 empirical 0.471  0.143 (0.0825  0.025) 

 6 
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 1 

Table 2  Estimation of GC I of studied concrete beams 2 

 3 

       

                                                    GC I , lbF/in. (N/mm)  
 

 

       

 

 

Assumed GCI 

for 

debonding 

analysis 

  Estimates from the models 
        

  Bilinear models Polynomial  Empirical  

Aggregate  Reference    model model 

Type      

  Gustafsson  Guinea et al. Reinhardt Bažant & 

  

      &    

   Hillerborg    Becq-Giraudon 
             

       

20 mm  Fanning & Kelly 
27

 1.028 (0.18) 0.971 (0.17) 0.685– 1.199 (0.12–0.21) 0.742 (0.13)  

Crushed Nguyen et al. 
28

 0.857 (0.15) 0.799 (0.14) 0.571– 1.028 (0.10–0.18) 0.685 (0.12) 0.857 (0.15) 

 Garden et al. (Beam 1U,4.5) 
29

 0.857 (0.15) 0.799 (0.14) 0.571– 1.028 (0.10–0.18) 0.685 (0.12)  

       

10 mm  Jones et al. 
30

 0.685 (0.12) 0.571 (0.10) 0.457– 0.628 (0.08–0.11) 0.571 (0.10)  

Crushed Ross et al. 
31

 0.742 (0.13) 0.628 (0.11) 0.514– 0.742 (0.09–0.13) 0.628 (0.11) 0.571 (0.10) 

 Garden et al. (Beam 3U,1.0 ) 
29

 0.685 (0.12) 0.571 (0.10) 0.457– 0.628 (0.08–0.11) 0.571 (0.10)  

       

10 mm  Arduini et al. 
32

 N/A N/A N/A 0.388 (0.068)  

Rounded Quantrill et al. 
33

 N/A N/A N/A 0.417 (0.073) 0.40 (0.07) 
             

 4 

N/A – not applicable 5 



30 

 

 1 

 2 

 3 

 4 

 5 

 

Fig. 1. Possible phases for the initiation of the 

dominant interface crack 
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Fig. 2.  Two modes of debonding 
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Fig. 3.     (a)  Effect of the FRP causes a significant tension at the tip of the shear crack during   

                      PE debonding 

  (b)  Relative sliding between the two faces of flexural cracks causes interface flaws  

        that trigger IC debonding 

 1 

 2 

 3 

 4 

 

Fig. 4 –  (a) Mode I crack propagation   (b) High fracture resistance against a shear crack 

 5 
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Fig. 5. – (a) (I) - single (II) - double shear lap specimens (b) A modified three-point bend  

                                                                                                 specimen 

 1 

 

Fig. 6.  – Crack before and after extension 

 2 

 3 

 

Fig. 7. – Cohesive crack model (Hillerborg et al. 
19

) 

 4 

 5 
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Fig. 8. – Simplified tension-softening models   (a) bilinear    (b) polynomial
 

 1 

 2 

 3 

 

Fig. 9 – Location of the effective plate end 

 4 

 5 

 6 



34 

 

 

Fig. 10 – GR vs L0_eff plots for beam set F9 and F10 (Fanning and Kelly 
27

) 

                                   (Note: 1 N/mm = 5.71 lbF/in.; 1 mm = 0.0393 in.) 1 

 2 

 3 

 

Fig. 11 – Initiation of IC debonding by widening of flexural cracks 

 4 
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Fig. 12 – GR vs ld  plot for Group 1 beam (Ross et al. 
31

) for fractures starting at  

                              (a) different locations  (b) 90% of the failure load 

                                   (Note: 1 N/mm = 5.71 lbF/in.; 1 mm = 0.0393 in.) 1 


