
Fracture Mechanics of Plate Debonding
P. M. M. Achintha1 and C. J. Burgoyne2

Abstract: This paper presents a fracture mechanics model to determine the load at which FRP plates will debond from reinforced
concrete beams. This will obviate the need for finite-element analyses to be used in situations where there is an infinite stress concen-
tration and where the exact details of the interface geometry and properties are unknowable. The paper shows how fracture mechanics
concepts based on energy release rates, can be used to answer the question “Will this existing interface crack extend?” Possible modes of
debonding are analyzed as is the effect of the plate curtailment location on the debonding mode.
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Introduction

The enhanced structural performance of reinforced concrete �RC�
beams that have been strengthened by externally bonded fiber
reinforced polymer �FRP� plates is strongly reliant on the effec-
tiveness of the concrete-FRP interface. Strengthened beams often
fail by premature plate debonding �Leung 2001�; an understand-
ing of the plate debonding mechanism is of the greatest important
for the successful application of external FRP plates on RC
beams. It is important to know where and when debonding ini-
tiates and the influence of parameters such as the plate curtail-
ment location and the plate thickness. Over the last decade, much
research has focused on the plate debonding failures, but the
problems have not been fully resolved.

Two modes of plate debonding are experienced in simply-
supported externally strengthened RC beams �Leung 2001�
�Fig. 1�; one initiates at a crack in the beam midspan zone and
propagates towards the nearest beam end, while the other initiates
at a plate end and propagates inwards. The first mode is termed
intermediate-crack induced debonding or midspan debonding and
the second mode is plate-end debonding. High interfacial stresses
are present in the vicinity of an existing crack and at the plate
end, which initiate these two debonding modes. The temptation
is, therefore, to compute these interfacial stresses and compare
them with interface strength properties to determine the failure
loads.

However, the debonding mechanisms of plates glued to con-
crete structures are proving very difficult to analyze. The interface
can be modeled using finite-elements, but this procedure is
doomed to failure; a reentrant corner leads to an infinite stress
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concentration, so the values returned by a finite-element program
are governed by the smallness of the elements used, and by un-
warranted assumptions about adhesive properties that the analyst
is forced to make.

Models based on linear-elastic theory have also been em-
ployed to determine the interface stresses at critical locations �i.e.,
at the plate ends and in the vicinities of existing flexural/flexural-
shear cracks�, which can then be compared with the interface
shear strength obtained from small-scale shear lap tests �Pham
and Al-Mahaidi 2006�. However, the inevitable cracking and
other nonlinearities inherent in RC elements violate the assump-
tions made in the derivation of the models, and it is also believed
that shear lap tests do not simulate the actual debonding mecha-
nism of real beams. In addition, the models generally predict
unrealistic stress singularities at the plate ends.

Empirical formulations, mainly as design guides to eliminate
plate debonding failures, can be found in the literature. ACI Com-
mittee 440 �ACI 440.2R-02� �ACI 2002� suggests limits on the
FRP plate strain to prevent debonding, based on a database of test
results, but the theoretical justification is unclear: These strain
limits depend only on the stiffness properties of the FRP plates
and do not take account of the concrete-FRP interface properties,
width of the FRP plate, or the plate curtailment location, all of
which would be expected to affect debonding.

Fracture-mechanics models, such as the Hutchinson and Suo
interface fracture model for layered elastic materials �Hutchinson
and Suo 1992� offer a better alternative for interface debonding
problems. They assume that, since flaws are inevitable in the in-
terface, what matters is whether these flaws can propagate. When
an existing flaw extends, the energy needed to form associated
new surfaces depends on the interface fracture energy and must
be compared with the energy released by the system, which in
turn depends on the change of stored strain energy. This idea has
been applied in many fields: For example, to the analysis of in-
terface fracture between dissimilar materials in electronic pack-

Fig. 1. Two modes of debonding
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ages �Kay et al. 2006�; delamination failure between the thermal
barrier coatings and load bearing alloy due to thermal expansion
mismatch �Chen 2006�; crack propagation along polymer-glass
and polymer-metal interfaces �Vellinga et al. 2006�; fatigue
delamination in ductile interfaces in layered materials �Daily and
Klingbeil 2006�, and interface failures of patterned films under-
going a typical thermal excursion during the integration process
�Liu et al. 2007�. There is, however, only limited application to
the study of concrete-FRP debonding failures �Hearing 2000;
Günes 2004�. Those studies only considered the energy change at
the interface itself, whereas this work will show that consequen-
tial energy changes elsewhere in the beam are significant.

Hutchinson and Suo �1992� also studied the crack tip stress
intensity factors, but they were considering materials for which
linear-elastic fracture mechanics was appropriate. That approach
is much more difficult in concrete because the materials are non-
linear and nonhomogeneous, so the path that the crack follows,
and the detailed stress conditions, depend on the location of ag-
gregate particles and other factors, which are unknowable. The
fact that they obtained good agreement with their energy-based
studies indicates that the approach adopted here should be a suit-
able method for the study of FRP debonding.

When an existing debonding crack extends, the determination
of the associated energy release rate of the system is not trivial. A
detailed analysis would require knowledge of the exact location
of the reinforcement and each of the existing flexural/flexural-
shear cracks, while the interface fracture energy depends on the
interface microstructure, all of which are effectively unknowable.
Thus, the objective is to develop methods to find both the energy
release rate and the interface fracture energy to accuracies suffi-
cient for practical purposes.

An essential first stage of this process is the determination of
the strain energy in a beam, which in turn requires knowledge of
the moment-curvature �M −�� relations. That work, which is
based on an extension of Branson’s model �Branson 1968� to
allow for tension stiffening, takes account of the axial force in-
duced by the FRP plate �whether bonded or debonded�, and the
possible yielding of the original untensioned reinforcement in the
beam. The model has been validated against test results in the
literature. It has then been extended to determine the curvature
after the beam has been unloaded, from which the strain energy of
the beam can be determined. That work is described in a separate
publication, which has been submitted for publication elsewhere
�Achintha and Burgoyne 2006�. This paper builds on that work to
show how these fracture mechanics concepts can be used to an-
swer the question “Will this existing interface crack extend?”

Fracture Mechanics for Plate Debonding

Since flaws are inevitable in the interface, what matters is whether
an existing flaw can propagate. The proposed model first assumes
a debonding crack of known length and orientation. The energy
states of the beam are computed, both in this state and when the
crack is further extended by a small distance �x. The energy re-
leased from the system due to the crack extension can then be
determined from energy conservation concepts; part of this re-
leased energy is consumed to create the new fracture surfaces
required for crack extension. The extension of the crack will
occur only if there is sufficient released energy to create the re-
quired new surfaces. Thus, whether an existing debonding crack
will propagate or not can be decided by comparing the possible

available energy with the energy that is actually required. The
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energy needed to form associated new fracture surfaces depends
on the interface fracture energy, the determination of which will
be discussed later. The present discussion concentrates on the
determination of the energy released from the system when an
existing debonding crack extends.

Energy Released from the System When a Crack
Extends

The force in the FRP plate �Fp� is chosen in such a way that the
relevant compatibility condition between the FRP plate and the
RC beam is satisfied �Achintha and Burgoyne 2006�. If the FRP
plate is perfectly bonded to the beam, then strain compatibility
must be satisfied locally between the FRP plate and the strain in
the tension fiber of the concrete. When the FRP plate has deb-
onded, then the weaker condition has to be satisfied in which the
extension of the plate in the debonded region is the same as the
extension of the tension fiber in the concrete.

When the debonding crack extends, Fp in the debonded zone
may alter to retain compatibility. This change in FP causes alter-
ations in the strain and stress profiles of the relevant RC sections,
and, hence, the energy states alter, releasing some energy; the
energy stored in the FRP plate itself also changes. At each bound-
ary, where the debonded and the fully bonded zones are sepa-
rated, a discontinuity in the value of Fp can be expected since its
magnitude depends on different compatibility conditions on either
side of the boundary. Sharp discontinuities in Fp cannot occur, so
there must be a transition zone where there is relative slip be-
tween the FRP and the beam. The transition zone Fp profile de-
pends on the difference between the two Fp values in the
debonded and fully bonded areas. In the fully bonded region, Fp

does not change unless the applied load changes �and in the
present study, only the debonding crack initiation increment at
constant load is considered�, since the more rigorous strain com-
patibility condition still applies; it is the change in Fp in the
debonded zone that causes variation in the Fp profile over the
transition zone with a consequent energy release.

Sections in both the debonded and the transition zones release
energy when the crack extends, which must be summed to obtain
the total energy release at the crack tip. For a given section, it is
important to know the amount of energy that is available for
release.

When a RC beam bends, energy is put into the beam by the
loads, some of which is dissipated in the concrete, either in
flexural-tension cracking or material nonlinearity, and by yielding
of the steel reinforcement, while the rest is recoverable and stored
as strain energy. Thus, for a given section, only the stored strain
energy that can be recovered when the beam is completely un-
loaded is active and will be responsible for the change of the
energy state of the section upon debonding. The bending moment
from which the unloading takes place, and the corresponding un-
loading M −� relations, are both required for the determination of
the strain energy.

Strain Energy in a Strengthened Section

The M −� behavior of a strengthened section considers the FRP
plate as an external prestressing element inducing both force and
moment on the RC portion of the section �Fig. 2�. It is convenient
to consider separately the stress state in the original reinforced
concrete beam, with its internal reinforcement, and the stress in

the FRP plate. They will be related by a compatibility condition
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that alters when debonding occurs. The total strain energy �SE� in
a strengthened section consists of three components: The SE in
the RC beam due to flexure �flexural SE�, the SE in the RC beam
due to axial force �axial SE�, and the SE in the FRP plate �FRP
SE�.

Flexural Strain Energy

It is assumed that all the constituents are linear elastic upon un-
loading, so the unloading M −� relations are linear irrespective of
the moment from which the unloading takes place, although there
will usually be some residual curvature if the load is completely
removed. Thus, the flexural strain energy available in a beam
segment of unit length depends on the moment applied to the RC
element alone �the effective moment Meff-cen� as shown in Fig. 3
and calculated from

�SEE�flexure =
1

2
Meff-cen�UL �1�

where Meff-cen and �UL�effective moment on the RC section
about the centroid of the RC beam itself, and the corresponding
change in curvature upon complete unloading.

Axial Strain Energy

A RC beam element that has been strengthened is also subjected
to a net axial compressive force of magnitude Fp �Fp�force in the
FRP plate� at the centroid �Fig. 2�. The axial strain energy in the
segment of unit length �SEE�axial� can be calculated as

�SEE�axial =
1

2
Fp�0 �2�

�0�centroidal strain, calculated from

�0 = �L � �xL − �� �3�

where ��section’s centroidal axis depth; and xL�neutral axis
depth of the section.

Fig. 2. Actions on a RC section

Fig. 3. Energy in flexure
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This assumes that the reinforced section behaves linearly elas-
tically for axial force up to the loading in question, which is not
exactly correct, but is a reasonable approximation, and it is found
in practice that this component of the strain energy is rarely more
than about 5% of the total. A more complex analysis, which
would follow the load-extension response, and allow for continu-
ing variations in the position of the neutral and centroidal axes, is
not justified.

Full details of the present-extent-of-cracking concept �Cx� can
be found in Achintha and Burgoyne �2006�, but are summarized
here.

The neutral axis position xL can be directly found from the
section analysis for an uncracked or a fully cracked section �xL�uc

and xL�fc, respectively�, and by interpolation for a partially
cracked section. Thus, xL of a partially cracked section becomes

xL = Cx�xL�uc + �1 − Cx��xL�fc �4�

The interpolation coefficient Cx represents the extent of cracking
of the section and is given by

Cx = � Mcr-mid

Mapp-mid
�3.5�1 − �Mapp-mid − Mcr-mid

My-mid − Mcr-mid
�3.5� �5�

where Mcr-mid, My-mid, and Mapp-mid�moments effective on the RC
section about its middepth axis at the externally applied moments
Mcr, My, and the given Mapp �Mcr�Mapp�My�. The model is
based on Branson’s concept �Branson 1968�, but slightly modified
so that first cracking and the first yielding of the tension steel
define the uncracked and fully cracked states. Only that part of
the effective moment that acts on the RC section is used to rep-
resent the extent of cracking, and account is also taken of the
axial force induced in the RC section. To avoid unrealistic con-
tributions due to varying eccentricities of the force in the FRP, a
fixed reference axis will be used for the comparison; the middepth
axis of the beam is chosen. The centroidal and neutral axes, which
are not coincident, are both interpolated following the work of
Sakai and Kakuta �1980�.

Strain Energy in the FRP Plate

The FRP plate is assumed to be linear elastic so the strain energy
in a unit length is

�SEE�FRP =
1

2

Fp
2

EpAp
�6�

where Ep and Ap�elastic modulus and the cross-sectional area of
the FRP plate, respectively.

Once the energy state of the strengthened beam under the
given loading state is known, energy conservation concepts can
be used to determine the energy released from the system when
the existing debonding crack extends.

Energy Available for Debonding

It is necessary to calculate the energy state before and after propa-
gation of the debonding crack. It is assumed that the applied load
�P� remains constant during the fracture increment, but the struc-
ture loses stiffness because of the removal of the compatibility
condition where the new crack forms. Thus, the overall deflection
will become larger, increasing the work done by the external load
and adding to the system’s strain energy �Fig. 4�a��; there will
also be a redistribution of the way the energy is stored within the

beam. The FRP plate is assumed to be linear elastic so energy
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losses only occur within the RC section due to changes in the
flexural and axial actions, which can be determined by knowledge
of the moment-curvature and axial force-centroidal strain
relations.

Thus, the energy balance can be represented by

�Wext = �SEtot−2 − SEtot−1� + �Eloss-tot �7�

where �Wext�change in the external work done on the system;
and SEtot−1 and SEtot−2�total strain energy of the system before
and after the debonding crack extension; and �Eloss-tot�energy
lost during the process.

That loss is made up of three portions

�Eloss-tot = �Eloss−f + �Eloss−a + �ERd �8�

where �Eloss−f and �Eloss−a�energy losses due to change in flex-
ural actions and the axial actions on the RC sections, respectively.
The final term ��ERd��energy available for debonding, and its
magnitude, when compared with the energy needed to form the
fracture, is the key factor in deciding whether the crack will
propagate.

Energy Loss due to Change in Flexural Actions

If the moment applied to the RC element alone �Meff-cen� increases
with the debonding crack extension, some of the additional exter-
nal work done is associated with this transformation. Part of this
causes an increase in the flexural strain energy and the rest is lost
due to material nonlinearity. Points A and B in the M-� plot given
in Fig. 4�b� represent a section of unit length before and after the
debonding-crack extension; areas ACD ��SEf1� and BEF ��SEf2�
represent the respective flexural strain energies. The associated
external work done ��Wf� is represented by area ABFD of Fig.
4�b�. The energy lost �Eloss−f can be found from the energy
conservation

�Wf = ��SEf2 − �SEf1� + �E1oss−f �9�

If Meff-cen reduces with the debonding crack extension, no energy
lost takes place because the materials are assumed to unload elas-
tically �Achintha and Burgoyne 2006�.

The total energy loss in the complete beam ��Eloss−f� due to
change in flexural actions can be found by integrating the �Eloss−f

Fig. 4. Energy balance �a� load-deflection plot �complete system�; �b�
M –� plot �RC segment�
at each cross section.
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Energy Loss due to Change in the Net Axial Force

In a similar way, the energy loss due to change in the net axial
force on the RC portion ��Eloss−a� must also be determined ac-
cording to the relative magnitudes of Fp before and after the crack
extension, with the centroidal strain determined from Eq. �3�.

It is now possible to determine the total energy release from
the system upon debonding-crack extension, but first, the zones of
the beam from which energy can be released have to be identified.

Energy Release Zones for Plate-End Debonding

When an FRP plate is curtailed at a nonzero moment location, the
axial strain difference between the plate end and the concrete
immediately adjacent to it �i.e., zero axial strain in the FRP and a
nonzero strain in the concrete� causes relative slip between the
two adherents in the vicinity of the plate end. Thus, for a section
near the plate end, the relevant Fp cannot be determined by as-
suming a unique linear strain distribution across both the beam
and the plate, despite the plate still being “bonded” to the beam.
This slip and the corresponding shear stresses are assumed to
decay in an exponential manner, and are significant only over a
transfer zone �Täljsten 1997�. For a section outside the transfer
zone, a linear strain distribution across both the FRP plate and the
beam can be assumed because the plate is here fully bonded.

The externally applied loads on the beam are assumed to re-
main unchanged during crack extension, so for a fully bonded
section, Fp and the strain profiles, and hence the energy state,
cannot be altered due to the crack extension. Thus, no energy is
released from the fully bonded sections. However, the Fp profile
changes over the transfer zone due to the crack extension, and
energy releases are expected as described above.

Identification of the Energy Release Zones

Fig. 5�a� shows a strengthened beam with an assumed plate-end
debonding crack AB, and the region BC�relevant transfer zone.
The crack then extends by a small distance �x �Fig. 5�b��. Assum-
ing that the transfer zone length is fixed for the given system, the
zone DE�new transfer zone. The plate carries no force over the
zone AB during both stages and, hence, neither the strain profiles
nor the energy states of the relevant sections are altered by the
transformation, and there is no associated energy release. Simi-
larly, there are no energy releases from the sections to the right of
E �Fig. 5�b�� as those are fully bonded. The narrow zone BD was
initially within the transfer zone, and, thus, carried some force in
the FRP, but after the crack extension, the FRP is ineffective. The
zone CD is within the transfer zone for both stages, but the Fp

Fig. 5. Energy release zones for plate-end debonding
profiles have changed. The narrow zone CE has changed from the
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fully bonded state to the transfer state. In all three regions, the
stress distribution has changed so some energy will have been
released.

The strain energy calculations of the sections with known Fp

values are performed as described above, but for the sections with
no effective FRP �sections within zone AB before extension and
AD afterwards�, only the flexural energy must be considered.
However, the Fp profile within the transfer zone, and the length of
the transfer zone �Lt�, are both required for the total energy re-
lease determination.

FRP Force Distribution in the Transfer Zone

A detailed analysis of the transfer zone, taking account of all the
material nonlinearities and the tension-stiffening effects of
cracked concrete is virtually impossible to perform. Linear-elastic
solutions have been presented, for example that by Täljsten
�1997�, which reveal that the effects of the plate-end slip decay
exponentially.

Within the transfer zone, the stress transfer between the RC
beam and the FRP plate primarily depends on the stiffness of the
plate and the interface shear-stress/relative-slip characteristics.
Neither the nonlinear behavior of the concrete nor the presence of
cracks in the RC beam have significant effects on the interface
stress transfer. It is believed that Täljsten’s analysis �Täljsten
1997� adequately represents the stress transfer between the FRP
plate and the beam, irrespective of the amount of nonlinearity.

Proposed Expression for Transfer Zone FRP Force
Profile

Täljsten’s analysis, which was designed to determine the stress
distribution in the vicinity of the plate end, predicts that the in-
terface shear stresses decay exponentially; the force in the FRP
plate �Fp−s�x=x� is, therefore, assumed to vary as

�Fp−s�x=x = �Fp−b�x=x − �Fp−b�x=0 � e−	x �10�

where Fp−b�x=x�force that would exist in the FRP at a position x
from the plate end �but within the transfer zone� if it was fully
bonded to the concrete. Täljsten’s expression for the length scale
	 involved the properties of the FRP plate, the concrete, and the
adhesive, but for most practical beams, only the variations in the
FRP and the adhesive properties make a significant difference, so
it is proposed here that 	 be taken as

	 =�Ga

ta
�

1

Eptp
�11�

where Ga and ta�shear modules and the thickness of the adhe-
sive; and Ep and tp�Young’s modulus and the thickness of the
FRP plate, respectively. Comparisons between the predictions
based on Eq. �10� and the original Täljsten �1997� expressions
have been made for a large number of beam specimens covering
many variations of geometric, loading, and material properties. A
typical result is shown in Fig. 6; the force in the FRP has been
nondimensionalized with respect to the force expected if the FRP
was perfectly bonded to the concrete. Täljsten’s result remote
from the end differs very slightly from this because he allows for
the elasticity in the adhesive, which is ignored here. The curves
are otherwise close enough for all practical purposes and show
that a transfer zone length of 30 times the FRP plate thickness is

sufficient. This value is used in all subsequent analyses.
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Energy Release Zones for Midspan Debonding

The midspan debonding analysis is more complicated than that of
the plate-end debonding, because there exist two end regions,
both fully bonded, separated by a region in which the FRP plate is
debonded but still constrained by a compatibility condition �Fig.
7�.

At each boundary of the debonded zone, the unbonded Fp

gradually reaches the fully bonded value. Thus, when the crack
extends, the resultant variations in Fp over both the debonded
zone and the transition zones should be considered in the deter-
mination of the total energy release. The values of Fp in the
bonded zone at the boundary and in the debonded region can be
determined in a separate analysis, and the transition between them
is assumed to vary exponentially using the same characteristic
length 	 described above. The change in force at the boundary
between the two regions can be positive or negative, depending
on the circumstances.

The unbonded Fp is determined by equating the extension of
the FRP plate in the debonded region with the extension of the
tension fiber in the concrete over the same zone. Account is also
taken of the relative slip between the FRP and the RC beam in the
transition zones �as discussed in the derivation of Eq. �10��, but
the effect is normally marginal.

Energy Release Rate

It is now possible to determine the energy release rate �GR�, the
energy release per unit area of crack extension, when the existing
debonding crack propagates. The zones where energy is being
dissipated �the transfer zone for plate-end debonding, the deb-
onded zone, and the two transition zones for midspan debonding�
are divided into short segments and the energy computations are
performed for each segment before and after the assumed
debonding-crack extension. The energy terms in Eqs. �7� and �8�
are obtained by summing the individual terms in all segments,
and the deflection profiles required to determine the external work
done are computed by the numerical integration of the curvatures.
The total energy release at the debonding-crack tip ��ERd� is
obtained from Eq. �8�. The energy release rate �GR� is

Fig. 6. Transfer zone Fp profile

Fig. 7. Energy release zones for midspan debonding
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GR =
�ERd

bp�x
�12�

where bp and �x�width of the FRP plate and the horizontal-linear
crack extension, respectively.

GR can then be compared with the energy required to fracture
a unit area of the interface, �GF� to decide whether the crack will
extend or not. If GR
GF, the crack will extend causing debond-
ing; if not, there is insufficient energy for the crack to propagate.

Due to the material heterogeneities and the complex loading
conditions present at the tip, crack extension will not take place
on a unique plane so GR in Eq. �12� represents the energy release
per unit area of crack projected onto the horizontal plane. Never-
theless, GR calculated this way can still be compared with the
interface fracture energy �GF�, which is either experimentally de-
termined or based on an existing theoretical model, both of which
include accounts for inevitable tortuous fracture propagations.

Concrete-FRP Interface Fracture Energy

It is now necessary to determine the concrete-FRP interface frac-
ture energy �GF�. The propagation of an interface crack takes the
path requiring least energy. Experimental evidence confirms that
concrete-FRP debonding fractures generally propagate through
the concrete just above the interface �Leung 2001; Buyukozturk
et al. 2004�. It is, however, reported that due to poor surface
preparation prior to plate bonding or the use of low-strength ad-
hesives, the debonding fractures can propagate along the interface
or within the adhesive �Buyukozturk et al. 2004�. With the avail-
ability of high-strength adhesives and careful surface preparation
techniques, these adhesive and interface failures can be pre-
cluded. Thus, the present work concentrates only on the case
where the debonding fractures propagate through the concrete, as
this is the actual problem encountered in the industry.

Fracture Mode of the Interface Concrete

Since the debonding fractures propagate through the concrete, the
interface fracture energy �GF� is that of the concrete. In the vicin-
ity of the interface, both normal and shear stresses are inevitable,
so it would be expected that debonding fractures are governed by
mixed-mode effects. The fracture energy and the fracture trajec-
tories of concrete under mixed-mode loading have been the sub-
ject of many experiments �Bocca et al. 1991; Gálvez et al. 2002�.
The relevant numerical simulations were mostly performed by
incorporating the cohesive crack model �Hillerborg et al. 1976�
and the maximum principal tensile stress criterion �Erdogan and
Sih 1963� into finite-element codes, and confirmed that, even
under mixed-mode conditions, concrete fractures grow locally in
a pure Mode I state �Bocca et al. 1991; Gálvez et al. 2002�. The
present study is concerned with the start of the fracture process,
so Mode II effects, such as aggregate interlock, are not relevant.

Mode I Fracture Energy of Concrete

In concrete, the nonlinear fracture process zone �FPZ� ahead of a
preexisting crack tip is relatively large compared to the structural
dimensions, and, therefore, its effects should not be neglected as
is done in linear elastic fracture mechanics. Material softening
taking place in the FPZ should be taken into account in the esti-
mation of Mode I fracture energy of concrete �GIC�. Hillerborg’s

fictitious crack model �Hillerborg et al. 1976�, which represents
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GIC as the area under the corresponding softening-stress/crack-
surface-separation ��–w� curve, is widely believed to be the best
available simple nonlinear concrete fracture model �Bažant et al.
2002�. The exact �-w relations of a given concrete can only be
known from direct uniaxial tensile tests, but models that describe
the softening curve in terms of more readily available parameters
of the concrete, based on databases of test results, have been
proposed in the literature �Gustafsson and Hillerborg 1984; Rein-
hardt 1985; Guinea et al. 1994�. The corresponding values for GIC

for the concrete assumed in the example described in the later part
of this paper �compressive strength, fc�=35 N /mm2, tensile
strength, f t=3.7 N /mm2, maximum aggregate size,
dmax �crushed�=20 mm, and water cement ratio, w /c=0.5�, to-
gether with the estimations based on two reported empirical
models of GIc �CEB-FIP model code �1991� and Bažant and
Becq-Giraudon �Bažant et al. 2002�� are given in Table 1.

Some of the above �–w models require knowledge of the
critical crack opening displacement of the concrete �i.e., the low-
est crack opening that gives zero tensile stress wc�, but this is not
usually available, so predictions are based on the wcvalues re-
ported by Hilsdorf and Brameshuber �1991�.

Guinea et al. �1994� predicted the softening curve from mea-
sured values of GIC to determine the critical parameters. The way
in which GIC depends on these parameters has been taken from
the CEB-FIP model code and the Bažant and Becq-Giraudon em-
pirical expressions, and these have been used to extrapolate the
predictions of Guinea’s model for the particular concrete used
here.

The Reinhardt �1985� model gives a range of values �quoted in
Table 1� to be expected from tests but does not give a method for
predicting the exact value without doing a test.

The empirical GIC expression given in the CEB-FIP model
code �1991� is the simplest to use because it is based on the
strength of concrete and the maximum aggregate size, but it is
based on a relatively small database, determined according to the
RILEM Committee 50-FMC �1985� standards �Hilsdorf and
Brameshuber 1991�. It is believed that this test underestimates
GIC, because it assumes that full strain softening occurs at the
existing notch tip, which is unrealistic in most laboratory-scale
test specimens �Guinea et al. 1994; Bažant et al. 2002�. Thus, the
CEB-FIB expression underestimates GIC. Bažant and Becq-
Giraudon’s empirical expression �Bažant et al. 2002� accounts for
the full softening and is based on a much larger database, taking
account of more parameters, some of which have significant ef-
fects on GIC of concrete, such as, for example water cement ratio
and type of aggregate.

The two bilinear models predict similar GIC and also agree
with Reinhardt’s power relation model and the Bažant and Becq-
Giraudon empirical expression predictions �Table 1�. The CEB-
FIB model code expression gives a lower value, but is thought to
be less reliable because it uses a smaller sample. In the debonding
analysis presented below, a value of 0.15 N mm /mm2 �N /mm� is

Table 1. GIC Estimation

Reference Model type GIC �N/mm�

Gustafsson and Hillerborg �1984� Bilinear softening 0.154

Reinhardt �1985� Power relation 0.093–0.159

Guinea et al. �1994� Bilinear softening 0.162

CEB-FIP model code �1991� Empirical 0.0825�0.025

Bažant et al. �2002� Empirical 0.112�0.034
taken for GIC.
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A later RILEM report RILEM Committee 89-FMT �1991� in-
cludes improved proposals for the experimental evaluation of GIC.
Notched-beam specimens are recommended for the experimental
programs; in conjunction with the correct size-effect laws, these
experiments can estimate the size-independent GIC of a given
mix. The experimentally evaluated size-independent GIC of mixes
with similar properties to the current mix agree well with the
assumed value of 0.15 N /mm �Karihaloo et al. 2003�.

Example

To illustrate the application of the model, a RC beam, strength-
ened with a carbon fiber reinforced polymer �CFRP� plate, and
loaded as shown in Fig. 8, has been analyzed. Details of the
assumed material behavior are given elsewhere �Achintha and
Burgoyne 2006�; only the numerical values are presented here.
The compressive and the tensile strengths of the concrete are
assumed to be 35 and 3.7 N /mm2 and the Young’s modulus and
the yield stress of steel are taken as 200 kN /mm2 and
530 N /mm2, respectively. The shear modulus of the adhesive is
taken as 2 kN /mm2 and the Young’s modulus of the CFRP is
165 kN /mm2. The unstrengthened capacity of the beam is 65 kN;
after strengthening with CFRP, the failure load should be about
145 kN, assuming that debonding does not take place. The failure
mode would have changed from an underreinforced failure before
strengthening to an overreinforced mode afterwards.

Plate-End Debonding

Fig. 9�a� shows the variation in energy release rate �GR� if deb-
onding occurs at different load levels, for different locations of
the plate curtailment position L0 �measured from the support�.
Increasing either the applied load �P� or L0 means that the trans-
fer zone sections are subjected to higher applied moments and

Fig. 8. Specimen dimension and loading data

Fig. 9. Plate-end debonding �a� GR for
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are, thus, less stiff, either because of concrete cracking and/or
yielding of the steel. This means that there is more energy avail-
able for release so GR increases.

The same figure also shows that if L0 is less than about
335 mm, the energy release rate is less than GIC and no plate-end
debonding would occur before the beam reached its flexural ca-
pacity �145 kN�. If L0 is greater than 335 mm, it is predicted that
premature debonding failure would occur at lower loads. Fig. 9�b�
shows the failure load against L0 and shows how far the plate
should extend so that additional external anchoring devices are
not needed.

It is worth noting that, since the peeled plate can effectively be
ignored since it carries no force, the case of a longer plate with a
debonding flaw can be modeled by measuring L0 from the tip of
the crack rather than the end of the plate.

Convergence of the Results

One of the main drawbacks associated with the finite-element
analyses for plate debonding problems is the dependency on the
size of the element used. The models tend to predict infinite stress
concentrations at the plate ends when small elements are used. It
is, therefore, important to investigate the effect of the step size
�i.e., the assumed fracture extension, �x� in the present analysis.
Fig. 10 shows the calculated energy release rate �GR� against the
step size ��x� selected for the case of L0=300 mm when P is
140 kN. This shows that the results are virtually independent of
the selected �x and gives an error of about 3.5% when �x is
1 mm, which is well within the accuracy within which GIC is
known. Smaller values of �x can be used, but they can give rise to
numerical convergence problems. All the other analyses presented
here are based on �x of 1 mm.

In the numerical computation, the transfer zone is divided into

nt L0 and P; �b� failure load against L0

Fig. 10. Size independency of GR
differe
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narrow segments within which the moment is assumed to be con-
stant. After crack extension, the distance to the center of a given
segment from the effective plate end �x� changes, thus, causing a
change in the Fp effective in that segment. Segment sizes have
been chosen to be of the same order of magnitude as �x. Studies
of the detailed results show that most of the energy release takes
place in the portion of the transfer zone closest to the unbonded
region ��5 times the plate thickness tp�. The number of segments
to analyze and, hence, the computational time can be reduced by
selecting relatively thicker segments �e.g., segments of lengths of
the same order of magnitude as tp� at the other end of the transfer
zone.

Midspan Debonding

Fig. 11�a� shows GR for a fracture propagating from an internal
crack, one end of which is 200 mm from the centerline, with a
crack length of ld. This shows that if ld exceeds about 2 mm,
debonding would occur towards the nearest end support at a load
less than the strengthened capacity of the beam �145 kN�. Deb-
onded lengths of this sort of dimension may well be present, and
undetectable, in many practical applications. If the initial fracture
is longer than this, debonding will take place at lower loads.

The possibility that the fracture might extend in the opposite
direction has also been studied �as shown in Fig. 11�a� by dashed
lines�, but these show that more load, or a higher crack length,
would be required to propagate in this direction, so it is unlikely
to be critical.

Fig. 11�b� shows contour plots of the load at which midspan
debonding will take place against the debonding crack length and
its location. Short cracks that start near midspan �on the left of the
diagram�, where the section is cracked in flexure at both the deb-
onded zone and in the transfer zone, propagate more easily, and
start at lower loads. In contrast, if the crack starts further away
from the centerline �to the right of the diagram�, the bending
moments are lower; there is less flexural cracking and there is less
strain energy that can be released. The effect is that more load, or
a longer crack, is needed to cause debonding. The sudden change
in the critical crack length, shown in Fig. 11�b� occurs when the
debonded zone and the transition zone change from being un-
cracked to being partially cracked �on the right of the diagram�,
and later fully cracked �on the left�.

Studies of the detailed results show that, for shorter crack
lengths, most of the strain energy changes occur in the transfer
zones, because these are relatively long. However, on one side of
the crack, the strain energy increases, while on the other it de-

Fig. 11. Midspan debonding �a� GR for different ld at a fixed c
creases. The results also show that, although the axial strain en-
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ergy stored in the concrete is quite small, the contribution to the
release rate can be as high. These aspects are the objects of fur-
ther investigation.

Conclusions

The study has shown that the phenomena of plate debonding can
be studied by means of a fracture-mechanics energy-release-rate
approach, which obviates the need for a finite-element analysis of
dubious validity.

It has been necessary to produce a modified form of Branson’s
method to allow the calculation of the strain energy of a section
when it is partially cracked and when subjected to an axial load
imposed by the FRP plate.

Hutchinson’s interface fracture model has proved to be a very
useful tool for the study of the debonding of FRP plates from
concrete structures. More work remains to be done to study the
importance of the various parameters that influence the result.
Comparisons with experimental data in the literature are being
undertaken, as is a parametric study.
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